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Metrics are proposed for quantifying the extent to which a transducer’s polar radiation (or
sensitivity) pattern is invariant with frequency. As there is currently no established measure
of this quality (often called “controlled” or “constant directivity”), five metrics, each based
on commonly-used criteria for constant directivity, are proposed: (1) a Fourier analysis of
sensitivity contour lines (i.e., lines of constant sensitivity over frequency and angle), (2) the
average of spectral distortions within a specified angular listening window, (3) the solid angle
of the frontal region with distortions below a specified threshold, (4) the standard deviation of
the directivity index, and (5) cross-correlations of polar responses. These metrics are computed
for 10 loudspeakers that are ranked, from most constant-directive to least, according to each
metric. The resulting values and rankings are compared and the suitability of each metric for
comparing transducers in different applications is assessed. For critical listening applications
in reflective or dynamic listening environments, metric 1 appears most suitable, while for
such applications in acoustically-treated and static environments, metrics 2 and 3 may be
preferable. Furthermore, for high-amplitude applications (e.g., live sound) in reflective or
noisy environments, metrics 4 and 5 appear most suitable.

0 INTRODUCTION
Many applications in audio benefit from transducers (or
transducer arrays) whose directional characteristics do not
vary with frequency. For example, in live sound reinforcement, it is often desirable for each loudspeaker to cover
a certain region of the audience. Consequently, the loudspeaker’s coverage angle should be constant over its usable
frequency range so that no part of the audience lacks any
part of the frequency spectrum [1]. Also, microphone arrays
used for beamforming often attempt to isolate and capture
sounds (of all frequencies) from a certain direction (or region), which requires that the spatial selectivity of the array
be frequency-independent [2, 3].
Many transducer manufacturers claim to achieve “constant directivity,” suggesting that the transducer’s directional characteristics, or some aspect thereof, are independent of frequency (at least over some frequency range).
In addition, many manufacturers also publish measured
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polar radiation data, generally taken in the far-field on
multiple circular orbits around the transducer (cf., Toole
[4, Fig. 18.6], for example), which enables the frequency
dependence of that transducer’s directivity to be examined
and quantified. Furthermore, some research and industry
groups collect similar polar radiation data, either on far-field
circular orbits [5] or via extrapolation of near-field measurements [6]. However, there exists no standard measure
of the degree to which a transducer exhibits constant directivity, thereby making it difficult, even when data are readily
available, to evaluate manufacturers’ claims and compare
supposed constant-directive transducers (i.e., transducers
that exhibit constant directivity).
Part of the problem is that constant directivity is often imprecisely and/or implicitly defined, whereby, for example,
the polar radiation pattern of an “ideal” constant-directive
loudspeaker is plotted alongside that of a real loudspeaker
(cf., Geddes [7, Fig. 9], for example). The reader is then left
to visually judge the degree to which the real loudspeaker’s
radiation pattern qualifies as constant-directive, a process
that is highly subjective and prone to error. In an attempt
to resolve the ambiguity surrounding this topic and facilitate the development of standardized measures of constant
directivity, we seek a formal and quantifiable definition of
the term.
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September
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0.1 Background and Previous Work
We refer to the directivity of a transducer as, generally,
the extent to which its sensitivity (radiated acoustic power
for loudspeakers) is biased toward a given direction. Several
metrics exist to quantify directivity, the most well-known
of which are the beamwidth (also called the coverage angle
for loudspeakers) and the directivity factor (alternatively
called the directivity index when expressed in dB) [8]. The
coverage angle is typically defined as the angle between the
−6 dB points of the main lobe [8]. As the name implies, this
metric quantifies the region of space in which the radiation
is largely uniform. The directivity factor, also known as the
directional gain, is given by the ratio between the power
radiated on-axis (or along any given reference axis) and
the radiated power averaged over all directions [9]. Methods to calculate the directivity factor from a finite set of
measured data have been developed [10–12, and references
therein]. Another directivity metric, called the “directivity
figure of merit,” was proposed by Davis [13] and combines
the directivity factor and the coverage angle to quantify the
efficiency with which the radiated power is concentrated
within the coverage angle.
Unlike for directivity, well-defined metrics do not exist
for constant directivity, likely due to the lack of a standardized, quantifiable definition of the term. For example,
White [1] defines constant directivity as having a constant
coverage angle over a wide frequency range. Geddes [14],
on the other hand, defines constant directivity as having
identical (up to a scaling factor) polar response curves (presumably over a wide frequency range). However, in a later
publication, Geddes [7] states that no universal definition
for constant directivity exists, and so to illustrate constant
directivity, one should simply publish polar response data,
implying that a purely visual assessment of the data is sufficient to determine the extent to which a transducer is
constant-directive. In the spirit of the work done to develop
directivity metrics, we previously proposed precise definitions of, and quantitative metrics for, constant directivity
[15]. However, several of these proposed metrics were only
defined for polar radiation data measured on a single (horizontal or vertical) circular orbit around the transducer, and
they were only evaluated using the frontal radiation data for
four loudspeakers.
0.2 Objectives and Approach
The objectives of this work are: (1) to develop and characterize a suite of metrics for constant directivity that can
be used to objectively evaluate and compare transducers
given radiation (or sensitivity) data uniformly sampled on a
sphere and (2) to establish a precise definition for constant
directivity.
To these ends, we first identify, in Sec. 1, various criteria
for constant directivity, which are then used to propose two
definitions of the term. In Sec. 2 we present the coordinate system used in this work. We then derive, in Sec. 3,
five metrics designed to quantify each previously identified
criterion. In Sec. 4 we describe the application of these metrics to 10 loudspeakers, which were selected from a larger
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September
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Fig. 1. Contour plot of the horizontal sensitivity pattern of an ideal
constant-directive transducer according to criterion I. The angles
θ and φ are defined in Sec. 2. Note that this plot corresponds to a
full horizontal orbit around the transducer, as illustrated in Fig. 2.

database1 of polar radiation measurements [5]. In Sec. 5
the loudspeakers are then ranked according to each metric,
and the resulting rankings are qualitatively compared with
each other. We then analyze the discrepancies in the resulting rankings in order to draw insights about each metric
and determine its potential advantages (or disadvantages).
Finally, in Sec. 6 we summarize this work and conclude.
1 DEFINING “CONSTANT DIRECTIVITY”
In this section we identify three criteria for constant directivity from which we propose two definitions of the term.
Note that, at this point, “constant directivity” should not
be considered synonymous with “directivity which is constant,” as “directivity” is already defined, while “constant
directivity” is not.
I. Uniformly horizontal contour lines
For a loudspeaker, a contour plot shows the loudspeaker’s output level in dB, normalized by the onaxis output, as a function of both frequency and angle, with contours drawn at specific levels (e.g., −18
to 0 dB in increments of 3 dB). Based on such a
plot, our first criterion for constant directivity (hereafter, simply “CD criterion”) is: a transducer that exhibits constant directivity must have a contour plot
in which all contour lines are perfectly horizontal
[7], as shown, for example, in Fig. 1.
II. Direction-independent frequency response
In studio or live sound settings, it is often desirable
for a listener at an off-axis position to receive the
same spectral content as one on-axis [1], even if at a
lower overall level. From this motivation, our second
CD criterion is: a transducer that exhibits constant
directivity must have a frequency response at any

1
This database is available online from the 3D Audio and
Applied Acoustics Laboratory at Princeton University [16].
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off-axis position that is identical to its on-axis frequency response, ignoring any difference in overall
level.
III. Frequency-invariant “directivity”
Finally, from the term “constant directivity,” we infer that some aspect of the transducer’s directional
characteristics should be invariant with frequency.
As defined in Sec. 0.1, “directivity” describes the
directional bias in a transducer’s sensitivity, a quality that is quantified by metrics such as the directivity
factor and the coverage angle. By this definition and
a literal interpretation of the term “constant directivity,” our third CD criterion is: a transducer that
exhibits constant directivity must have a directivity
(or some metric thereof) which is invariant with frequency [1]. However, fulfillment of this criterion is
insufficient to guarantee fulfillment of the two previous criteria, as the directivity metrics reduce the
full specification of the polar radiation pattern(s) to
a single spectrum. Consequently, to guarantee fulfillment of all three criteria, we turn to an alternative, and more strict, third CD criterion: a transducer
that exhibits constant directivity must have polar radiation patterns that are unchanged (ignoring any
differences in overall level) with frequency [14].
In view of these three criteria, we propose the following definition for constant directivity: A transducer is said
to exhibit constant directivity, over a specified frequency
range, if and only if its polar radiation patterns are invariant in that range. Furthermore, a transducer is said to be
more (or less) constant-directive than another transducer, if
the variations in the first transducer’s polar radiation patterns are less (or more) extreme than those of the second
transducer.
For some applications, the more lenient version of the
third criterion may be appropriate. For example, in some
beamforming applications, variations in polar radiation patterns may be tolerable provided that the directional gain
(directivity factor) is constant over a specified range of frequencies. Consequently, we propose a second, more lenient
definition for constant directivity: A transducer is said to exhibit constant directivity, over a specified frequency range,
if and only if its directivity factor (index) is invariant in that
range.2,3
2 COORDINATE SYSTEM
We adopt the spherical coordinate system given in
AES56-2008 [17]. Angular coordinates θ ∈ [0, π] and φ ∈
2

Alternate versions of this definition can be generated by replacing the directivity factor with another directivity metric, such
as the coverage angle.
3
Note that the proposed definitions are not mutually exclusive.
In fact, satisfaction of the second definition is necessary but insufficient for satisfaction of the first, i.e., a transducer that satisfies
the stricter version is also guaranteed to satisfy the lenient one,
while the converse is not true.
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Fig. 2. Diagram of the coordinate system. The arrow perpendicular
to the front face of the loudspeaker is the reference axis [17] and
indicates the “on-axis” direction (θ = 0). The gray semicircular
disc represents a measurement half-plane and the filled black
circle indicates a measurement point. The dashed circles indicate
horizontal and vertical orbits.

[0, 2π ) are measured such that θ indicates the angle away
from on-axis (referred to as the “reference axis” in AES562008 [17]) along a given measurement half-plane and φ
indicates the rotation of that half-plane around on-axis, as
shown in Fig. 2.
Generally, polar radiation measurements are taken for
a set of M × (N + 1) directions (θ n , φ m ), for integer
values of m ∈ [0, M − 1] and of n ∈ [0, N], where
M is the number of measurement half-planes and N +
1 is the number of measurements taken on each halfplane. Let θ = π /N denote the angular spacing between
neighboring measurement points on a given half-plane and
φ = 2π /M denote the angular spacing between neighboring half-planes. The full set of measurement directions are
then given by
(θn , φm ) = (nθ, mφ).

(1)

For example, with M = 4 measurement half-planes, all
measurement points lie along horizontal and vertical orbits
(depicted by dashed circles in Fig. 2), with the half-planes
corresponding to m = 0, 2 containing the horizontal orbit
and those corresponding to m = 1, 3 containing the vertical
orbit.
3 PROPOSED CONSTANT DIRECTIVITY
METRICS
We now derive five metrics for constant directivity, each
of which is based on one of the criteria identified in Sec.
1. The first metric is based on criterion I and quantifies
the extent to which the contour lines are uniformly horizontal. The second and third metrics are both based on
criterion II and quantify distortions in the shapes of a
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September
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transducer’s frequency responses at off-axis positions compared to its on-axis frequency response. The last two metrics
are based on the two versions of criterion III; the fourth metric quantifies the extent to which a transducer’s directivity
is constant with frequency, while the fifth metric quantifies
the similarity (across frequency) of the transducer’s polar
responses.

3.1 Metric 1: Fourier Analysis of Sensitivity
Contour Lines
For this metric, we first compute the frequencydependent ratio between the sound pressure level (SPL)
for each measurement direction and that for the on-axis
direction. This is given in dB by
20 log10

|Hm,n [k]|
,
|H0,0 [k]|

where Hm,n is the frequency response of the transducer in
the direction (θ n , φ m ).
For a given measurement half-plane, we generate a contour plot of these normalized magnitude responses (computed using the above expression), as is typically done in
the literature (e.g., Tylka et al. [5, Fig. 1]). Here, however,
we use black contour lines and color all spaces between
contour lines white. The contours are drawn on a logarithmic frequency scale, over all angles in the half-plane (i.e.,
n ∈ [0, N]), and with a specified set of contour levels. The
plot is then rasterized to a grayscale image of width V and
height U (in pixels). These data are stored in a U-by-V
real-valued matrix, Xm , with elements xu,v ∈ [0, 1], where
contour lines are represented by non-zero values of x and
the spaces between contours are represented by zeros.
We then compute the discrete Fourier transform (DFT)
along each row of the matrix to yield a complex-valued
U-by-V matrix, Ym , with elements yu,v . In the ideal case,
where all contours are perfectly horizontal, the only nonzero values of Ym will exist in the first column (i.e., all
yu,v=0 = 0). In less ideal cases, where the contours are not
perfectly horizontal, non-zero values will exist in more than
just the first column of Ym . Consequently, we define our
metric as the percentage of the total “energy” of Ym that is
concentrated in the first column, given by
U
−1


m = 100 ×



 yu,0 2

u=0
U
−1 
V −1




 yu,v 2

.

(2)

u=0 v=0

The result is a strictly positive number  m ∈ (0, 100],
where a value of  m = 100% indicates that each row of
Xm is a constant value (i.e., either it contains a complete
contour or it does not) and represents a perfectly constantdirective transducer. A value of  m = 0 is not possible
because that would indicate that no row of Xm has any nonJ. Audio Eng. Soc., Vol. 67, No. 9, 2019 September

zero values (i.e., no contours exist). We then average over
all M measurement half-planes, yielding
=

M−1
1 
m .
M m=0

(3)

3.2 Metric 2: Directional Average of Frequency
Response Distortions
We first define the distortion spectrum for each measurement direction as


Pm,n [k]
P0,0 [k]
,
(4)
Dm,n [k] =
Pm,n
P0,0
where Pm,n [k] = |Hm,n [k]|2 is the power spectrum in the
direction (θ n , φ m ) and Pm,n is its logarithmically-weighted
average (computed using Eq. (A.14), given in Appendix A)
over a given frequency range.
When the logarithm of Dm,n [k] is taken, the distortion
spectrum becomes the difference between the magnitude
response in the direction (θ n , φ m ) and the on-axis response,
minus the change in overall (average) level. Therefore, this
spectrum shows the change in the shape of the magnitude
response, rather than the total change, thereby approximately isolating any change in perceived tonality from any
change in perceived level that may occur at off-axis positions.
We then compute the absolute distortion spectrum, given
by
E m,n [k] = 10|log10 Dm,n [k]| ,

(5)

so that relative peaks and notches contribute equally to the
result. These spectra are then averaged over all directions
within a given region of space (e.g., ±30◦ in the horizontal
plane and ±10◦ in the vertical plane),4 hereafter referred
to as the “listening window” (cf., Toole [4, Fig. 18.6]), to
yield the listening window distortion spectrum, given by


2


wm,n  E m,n [k]

 m,n
,
(6)
CLW [k] = 


wm,n
m,n

where the summations are taken only over the measurement directions within the specified listening window and
the weights wm,n (given by Eq. (B.17) in Appendix B) correspond to the surface area of the unit sphere represented
by each measurement. Generally, the listening window is
typically defined such that θ  θ LW (φ), where we take
π 2 2
π 2
cos2 φ +
sin φ.
(7)
6
18
Hence, in the case of M = 4 measurement half-planes,
we have θ LW = 30◦ for m = 0, 2 (i.e., in the horizontal
plane), and θ LW = 10◦ for m = 1, 3 (vertical plane), as
suggested by Toole [4].
θLW (φ) =

4
This is similar to the “direct sound,” as defined by Devantier
[18] as the average response over this region.
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Fig. 3. Plot of CLW in dB for three loudspeakers: A (black), G
(dark gray), and I (light gray).

Table 1. Descriptions of the 10 loudspeakers considered in
this work.
Label
A
B
C
D
E
F
G
H
I
J

Description
Three-way concentric studio monitor
Two-way concentric studio monitor
Three-way “controlled directivity” loudspeaker
Two-way studio monitor
Two-way studio monitor
Two-way bookshelf loudspeaker
Two-way bookshelf loudspeaker
Three-way bookshelf loudspeaker
Desktop electrostatic loudspeaker
Enclosed electrostatic hybrid loudspeaker with woofer

The listening window distortion spectrum may be further
averaged logarithmically over frequency to yield a single
number, the average listening window distortion, given in
dB by
CLW  = 10 log10 |CLW [k]|2 .

(8)

To visualize this metric, we plot CLW , as computed in
Eq. (6) using the listening window given in Eq. (7). One
such plot is shown in Fig. 3 for three loudspeakers: A, G,
and I (described in Table 1). From this plot, we see that
loudspeaker A is more constant-directive in this listening
window than loudspeaker G, since the listening window distortion spectrum of loudspeaker A is, in several frequency
ranges, significantly smaller than that of loudspeaker G.
Additionally, loudspeaker I is significantly less constantdirective than both loudspeakers A and G, since the listening window distortion spectrum of loudspeaker I is larger
than the others across almost the entire frequency range.
3.3 Metric 3: Distortion Thresholding of Polar
Responses
For this metric, we use the same absolute distortion spectra, Em,n [k], defined in Eq. (5), to determine a frequencydependent region of the forward half of each measurement
half-plane within which
√ the distortion is below a specified
threshold, E* (e.g., 2, or 3 dB). Specifically, for a given
m and for each frequency index k, we search the range n ∈
670

Fig. 4. Plot of CD for three loudspeakers: A (black), I (dark
gray), and J (light gray). Note the scale on the left axis shows
CD /(2π ). The dashed line indicates the solid angle of the “reference” listening window defined in Eq. (7), approximately 0.9 ×
2π sr.

[0, N/2] for the first (increasing from 0) threshold crossing,
denoted n ∗m , such that
E m,n [k] ≤ E ∗ , for all n ≤ n ∗m , and
E m,n [k] > E ∗ , for n = n ∗m + 1.

(9)

If no such n ∗m exists because Em,n [k]  E* for all n ∈
[0, N/2], then we choose n ∗m = N /2. Using these threshold crossings, we then compute a frequency-dependent
constant-directive (CD) coverage solid angle, CD [k],
given (in sr) by
CD [k] = 4π

n ∗m
M−1


wm,n

(10)

m=0 n=0

which is then logarithmically averaged over a specified
frequency range to yield an average CD coverage solid
angle, CD . Note that, since we restrict the original angle
calculations to the region of space in front of the transducer
(i.e., θ  π /2), we use the forward-only corrected weights
wm,N/2 , as described in Appendix B. Consequently, values
for CD will range from 0 to 2π sr.
To visualize this metric, we plot CD , as shown in Fig. 4,
for loudspeakers A, I, and J. We also indicate a reference
value of CD ≈ 0.9 × 2π sr by the dashed line, which corresponds to the solid angle of the listening window defined
in Eq. (7), as calculated using Eq. (10) for M = 4. The larger
values of CD for loudspeaker A compared to loudspeakers
J and I indicates that loudspeaker A exhibits a wider region
within which the distortion is at most 3 dB and is therefore
more constant-directive than the others.
3.4 Metric 4: Standard Deviation of Directivity
Index
For this metric, we compute the logarithmicallyweighted standard deviation (computed using Eq. (A.15),
given in Appendix A) of the directivity index (DI) spectrum
of a transducer, which is defined as the ratio of the on-axis
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September
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indicating that loudspeaker C is less constant-directive than
loudspeaker A. Additionally, the range of values of the DI
spectrum for loudspeaker B is approximately 2 dB greater
than that of loudspeaker A, which indicates that loudspeaker
B is also less constant-directive than loudspeaker A. Fig. 5b
will be discussed in Sec. 5.
3.5 Metric 5: Cross-Correlation of Polar
Responses
For a given measurement half-plane, we define the normalized and aligned cross-correlation (NACC), m [k, k ],
between two polar responses at frequency indices k and k
as
N

m [k, k

]=

Pm,n [k]Pm,n [k ]

n=0
N

n=0

2
Pm,n
[k]

N


0.5 ,
2
Pm,n

(12)

[k ]

n =0

for k, k ∈ [0, K/2], where K is the number of points in each
power spectrum (and so K/2 corresponds to the Nyquist
frequency). Using the above definition for m , we compute the NACC between pairs of polar responses for every
combination of frequencies. We then average over all M
measurement half-planes, yielding
[k, k ] =

Fig. 5. Plots of the DI spectra in dB for six loudspeakers: A–C
(top panel) and G–I (bottom).

power spectrum to the average power spectrum over all
directions, and is given in dB by
P0,0 [k]
wm,n Pn,m [k]/

DI[k] = 10log10
m,n

wm,n

,

(11)

m,n

where the summations are taken over all measurement directions. Note that the calculation in Eq. (11) is equivalent to
that proposed by Wilson [19, 20], which is itself equivalent
to the graphical method proposed by Kendig and Mueser
[10].
The standard deviation, σ DI , quantifies the extent to
which the transducer’s directivity is constant with frequency, with σ DI = 0 indicating that the DI is invariant
with frequency. However, as discussed in Sec. 1, this does
not adhere to the strictest definition of constant directivity,
as a small σ DI means only that the ratio between the on-axis
and the average power spectra remains nearly constant with
frequency, yet, in principle, the polar radiation pattern may
still vary with frequency.
Fig. 5a shows the DI spectra for three loudspeakers: A, B,
and C. From this plot, we see that the DI spectrum of loudspeaker C features a notch around 3.5 kHz, which should
yield a larger σ DI value compared to that of loudspeaker A,
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September

M−1
1 
M m=0

m [k, k

].

(13)

For each frequency pair (k, k ), we then have one NACC
value.5 We then write [k, k ] as a square matrix with K/2
+ 1 rows and columns, where all elements along the main
diagonal are always equal to unity and the matrix is necessarily symmetric. This matrix is visualized as shown in
Fig. 6 for three loudspeakers: A, G, and J. We see, for each
plot, that the NACC values along the diagonal from the bottom left to the top right corners of each plot are identically
1 (indicated by the white color). Furthermore, since the plot
for loudspeaker A is largely white, whereas that for loudspeaker J has significant regions of low NACC values (indicated by the black color), we conclude that loudspeaker
A is more constant-directive than G. For loudspeaker G,
we see a narrowband region of low NACC values around
4 kHz, corresponding to a polar radiation pattern that is
particular to that frequency range (i.e., one that is not similar to the radiation pattern for that loudspeaker at any other
frequency).
We also compute an average NACC value by computing a
logarithmically-weighted mean over a specified frequency
range, first across columns and then across rows. This average value, , can range from 0 to 1, with a value of

5

An alternative but similar calculation is to compute a twodimensional NACC, in which a three-dimensional polar radiation
pattern at a given frequency (represented mathematically by a
matrix of polar responses) is cross-correlated with another such
radiation pattern at a different frequency.
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Fig. 6. Normalized and aligned cross-correlation (NACC) matrices for the forward horizontal radiation of three loudspeakers: A (left
panel), G (center), and J (right).

1 indicating that the transducer’s polar responses in that
frequency range are all identical.
4 EXPERIMENTAL EVALUATION OF METRICS
To evaluate the metrics proposed in the previous section,
we compute each of them using the polar radiation data
for 10 loudspeakers, which were selected from a database
of loudspeaker polar radiation measurements [5]. The data
are available as impulse responses, measured in an anechoic
chamber, for the horizontal and vertical measurement halfplanes only (M = 4), with an angular resolution of θ =
5◦ (N = 37). Descriptions of the selected loudspeakers are
provided, in brief, in Table 1. The metrics proposed here
have also been computed and published online for the entire
database [16].
For metric 1, we generate contour plots over the frequency range from 500 Hz to 20 kHz, with contour lines
drawn from −18 dB to −3 dB in increments of 3 dB, and
convert the plot to an image with a width of V = 64 pixels
and a height of U = 32 pixels.6 For metric 2 we define the
listening window given in Eq. (7). For metric 3 we use a distortion threshold of 3 dB. All frequency-domain averages
are performed over the range 500 Hz to 20 kHz.7
5 RESULTS AND DISCUSSION
The calculated values for each metric and for each loudspeaker are shown in Table 2, and the rankings, from most
constant-directive to least, according to each metric, are
shown in Table 3. To give the values for each metric a sense
of scale, we also compute the value corresponding to 10%
of the total range (i.e., max −min ) of the values in each
column of Table 2, which we list in the bottom row of that
6
We intentionally choose such a low-resolution image so as
to “blur” the contour lines, thereby reducing the sensitivity of
the computed metric to minor fluctuations in the contour lines.
We expect this to correspond better with evaluations of constant
directivity based on a purely visual analysis of the contour plot,
because such an analysis is likely to involve some visual averaging.
7
A lower frequency limit of 500 Hz is used because the anechoic chamber in which the directivity measurements are made is
anechoic only down to approximately 425 Hz [5].
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Table 2. Calculated values of the five constant directivity
metrics for each of the 10 loudspeakers (labeled A–J) used in
this analysis. The bottom row shows the value corresponding to
10% of the total range (i.e., max −min ) of the values in each
column.
Label


(%)

CLW 
(dB)

CD
(× 2π sr)

σ DI
(dB)

A
B
C
D
E
F
G
H
I
J
10%

48.39
45.74
49.31
47.34
45.63
44.18
45.44
43.28
42.98
33.70
1.56

0.48
0.51
0.83
0.95
0.97
1.10
1.67
4.04
7.18
15.18
1.47

0.80
0.62
0.61
0.60
0.60
0.60
0.52
0.47
0.05
0.10
0.08

1.12
2.18
1.28
2.28
2.61
2.64
3.74
3.36
5.24
6.97
0.59

0.98
0.96
0.95
0.92
0.92
0.92
0.87
0.86
0.85
0.75
0.02

Table 3. The 10 loudspeakers (labeled A–J) used in this
analysis ranked, from most constant-directive (rank 1) to least
(rank 10), according to each of the five metrics.
Rank



CLW 

CD

σ DI

1
2
3
4
5
6
7
8
9
10

C
A
D
B
E
G
F
H
I
J

A
B
C
D
E
F
G
H
I
J

A
B
C
D
E
F
G
H
J
I

A
C
B
D
E
F
H
G
I
J

A
B
C
D
E
F
G
H
I
J

table. Below, we compare these values and discuss the apparent behavior and potential advantages (or disadvantages)
of each metric.
5.1 Metric 1
We first observe that the ranking generated by metric 1
() is noticeably different from those generated by the other
four metrics. To explain this discrepancy, we make two observations by comparing the contour plots of loudspeakers
B and C, which are shown in Fig. 7. First, we note that
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September
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Fig. 7. Contour plots of horizontal (top row) and vertical (bottom) radiation for loudspeakers B (left column) and C (right). Each plot
shows level normalized by the respective loudspeaker’s on-axis response.

loudspeaker B radiates more energy backwards (i.e., θ 
90◦ ) for frequencies below ∼2 kHz than does loudspeaker
C. The directivity of this backwards radiation is not very
constant, as evidenced, for example, by the looping contour lines. Second, we note the presence of deep notches
between 1 and 2 kHz in the forward radiation section (θ 
90◦ ) of the vertical contour plot for loudspeaker C. These
two observations suggest that metric 1 penalizes the larger
backwards radiation by loudspeaker B more so than it does
the deep notches exhibited by loudspeaker C. We expect this
to be true even if the backwards radiation is low-amplitude
(as is the case here), since, by construction, metric 1 does
not differentiate between contour lines based on level.
(metric 5) for loudspeakIn contrast, the values of
ers B and C are quite similar (see Table 2). This suggests
that metric 5 does not penalize low-amplitude deviations,
whereas metric 1 appears to treat all regions of the contour
plot and all contour levels equally. Due to this sensitivity
to changes in low-amplitude and backwards radiation, we
may use metric 1 to better distinguish between loudspeakers D, E, and F, whereas the other four metrics produce
very similar values (relative to the 10% values listed in the
bottom row of Table 2). Thus, for applications in which
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September

low-amplitude deviations in directivity, even in the backwards radiation region, is undesirable, metric 1 might be
the best option for comparing the extent to which different
loudspeakers exhibit constant directivity. However, for applications in which such deviations are irrelevant, metric 1
may produce biased results unless steps are taken to modify
it (e.g., by excluding backwards radiation or by weighting
differently the contour lines for different levels).

5.2 Metric 2
Recall that, by construction, CLW  (metric 2) only takes
into account spectral distortions within a predefined listening window, the solid angle of which, in our case, is
approximately 0.09 × 2π sr. As all of the CD (metric 3)
values for loudspeakers A–H are well over 0.1 × 2π sr, the
consistently low values (<3 dB, approximately) of CLW 
are to be expected. We also see that, while the change in
metric 3 between loudspeakers A and B appears significant,
the corresponding change in metric 2 is not. This may be
explained by the low-distortion region for each loudspeaker
being larger than the reference listening window, such that
neither loudspeaker produces much distortion within that
673
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Fig. 8. Contour plots of horizontal radiation for loudspeakers I (left panel) and J (right).

window. Consequently, one apparent limitation of metric 2
is that it cannot measure improvements in constant directivity if they occur outside of the predefined listening window.
However, if the listening window is chosen appropriately
for a given application, this may be an ideal metric.

comparably constant-directive for their intended uses. We
do not consider such a metric in this work as, strictly speaking, it would no longer be a measure of constant directivity,
but instead a combined measure of constant directivity and
directivity.

5.3 Metric 3
In Table 3 we see that metric 3 is the only metric to rank
loudspeaker J above loudspeaker I. As shown in Fig. 4, it is
clear that indeed loudspeaker J has a slightly larger region
of low distortion. However, all of the other metrics produce
significantly different values for loudspeaker I than for J
(see Table 2). For example, we see that the value of metric
2 for loudspeaker J is 8 dB larger than that for loudspeaker
I, which suggests that loudspeaker I is significantly more
constant-directive than J. By construction, however, metric
3 relies on a 3 dB distortion threshold, such that it cannot
take into account any variations in distortion beyond that
threshold.
It is also worth noting that metric 3 is the only metric
to produce comparable values for both electrostatic loudspeakers (I and J). This suggests that metric 3 is less sensitive to changes in the directivity of highly directive loudspeakers than of less directive ones. Furthermore, we expect
that the directivity of the loudspeaker will tend to put a lower
bound on the value of metric 3. For example, a loudspeaker
whose −3 dB coverage pattern (i.e., the horizontal coverage angle × the vertical coverage angle) is at least 60◦ ×
60◦ at all frequencies will necessarily have a CD coverage
solid angle that includes at least that entire region.
Given this consideration, a useful extension to this metric
might be to normalize a loudspeaker’s CD by the solid angle of its coverage pattern. This may be a more useful metric
for comparing two loudspeakers when one of them has a
coverage pattern that is, for example, twice the size of the
other’s and also twice the CD coverage solid angle. As originally defined, metric 3 would suggest that one loudspeaker
is twice as constant-directive as the other. However, as most
listening would typically take place within their respective
coverage areas, these two loudspeakers may actually be

5.4 Metric 4
In addition to metric 1, metric 4 (σ DI ) is the only other
metric that ranks loudspeaker C above B. We see in Fig. 7,
that for frequencies below ∼3 kHz, the directivity of loudspeaker B is comparatively smaller, especially in the vertical plane, while above this frequency the radiation patterns
of these loudspeakers are similar (see also plots of the DI
spectra in Fig. 5a). This yields a larger standard deviation
of the directivity index for loudspeaker B than for C, resulting in B being ranked below C, despite the notches in the
vertical contour plot and in the DI spectrum of loudspeaker
C. A similar effect is shown even more dramatically in
Fig. 5b. From this figure, it is clear that loudspeaker G is
less constant-directive than H, but loudspeaker I compared
to G is less obvious, as G features a deep narrowband notch
in its DI spectrum, while loudspeaker I exhibits a broadband trend in which its DI increases by 15 dB. As shown in
Table 2, the value of σ DI for loudspeaker G is only slightly
larger than that for H, whereas for loudspeaker I, the value is
significantly larger (compared to H), suggesting that metric
4 penalizes broadband spectral trends in directivity more
severely than narrowband deviations.
Despite similarities in their rankings of certain loudspeakers, metrics 1 and 4 disagree in terms of the relative
magnitudes of their changes between those loudspeakers.
As shown in Table 2, from loudspeaker I to J there is a
more significant decrease in the value of metric 1 compared to the increase in the value of metric 4. Additionally,
the change in the values of each of these two metrics from
loudspeakers G to I is comparable (to that from I to J) for
metric 4, but significantly smaller for metric 1. To explain
this discrepancy, we examine the horizontal contour plots
for loudspeakers I and J, which are shown in Fig. 8. It is
apparent from these plots that, up to ∼4 kHz, the directivity
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of loudspeaker I is more constant than that of J because the
contour lines for the former are generally more horizontal
compared to those of the latter.
From this, we infer that metric 1 tends to quantify the
fraction of the contour lines that are horizontal, even if
they are only horizontal over a specific frequency band,
rather than the extent to which the contour lines are horizontal overall. Therefore, metric 1 may be biased in favor
of loudspeakers that are not constant-directive over the entire frequency range (such as loudspeaker I), provided that
they have some wide sections of largely horizontal contour
lines. Metric 4, on the other hand, appears to quantify the
overall variation in directivity, allowing it to more comprehensively assess the extent to which a loudspeaker is
constant-directive over the entire frequency range (500 Hz
to 20 kHz in this case).

5.5 Metric 5
From Table 3 we notice that metric 5 obtains the same
ranking (alphabetical ordering) as metric 2. This is somewhat surprising since we know that metric 2, by definition,
only considers the distortion in a narrow listening window,
whereas metric 5 takes into account the entire polar response. However, as seen in Eq. (12), the calculation of
metric 5 effectively attributes a greater weight to larger
polar response values, which typically occur within the listening window, and ignores smaller values, which tend to
occur outside of the listening window. Thus, both metrics
might effectively end up focusing on the listening window region. The relative magnitudes of the changes in the
values of each metric between adjacent loudspeakers, however, do not always agree. For example, the changes in
metric 2 from G to H, and from H to I are both rather large
(∼3 dB), whereas for metric 5, these changes are comparatively small (∼0.01). Consequently, these metrics may
only be in agreement due to the choice of these particular
10 loudspeakers.
It is worth noting that metrics 4 and 5 (both based on
criterion III), not only rank the loudspeakers in very similar orders, but also have values that exhibit a similar trend
(see Table 2). This finding corroborates the claim made
in Sec. 1, that frequency-invariant polar radiation patterns
necessarily entail a constant directivity index, since an increasing NACC value correlates with a decreasing standard
deviation of the directivity index.

6 SUMMARY AND CONCLUSIONS
Motivated by the lack of a precise, standardized definition of constant directivity and of metrics that quantify
the extent to which a transducer exhibits that quality, we
derived a set of five metrics, each of which satisfies one
or more of three criteria for constant directivity specified
in Sec. 1. These criteria were also used to define the term
“constant directivity” as either a characteristic of a transducer whose polar radiation patterns are invariant across
a specified range of frequencies, or, more leniently, as a
J. Audio Eng. Soc., Vol. 67, No. 9, 2019 September
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transducer whose directivity factor (or index) is invariant
with frequency.
The first metric we proposed involves a Fourier analysis
of sensitivity contour lines (i.e., lines of constant sensitivity
over frequency and angle), and is based on the first criterion
for constant directivity that requires that a transducer exhibiting constant directivity (i.e., a constant-directive transducer) have a contour plot with all contour lines perfectly
horizontal. The second and third metrics are based on the
second criterion that requires that constant-directive transducers demonstrate minimal distortion in their off-axis frequency response. Metric 2 is computed by averaging frequency response distortions over a specified range of directions, while metric 3 is computed by distortion-thresholding
polar responses to determine an angular region of lowdistortion. The fourth and fifth metrics are based on the
third criterion, which requires that the directivity of the
transducer be invariant with frequency, or more strictly,
that the polar radiation pattern of the transducer remain
unchanged with frequency, with satisfaction of the latter
variant guaranteeing satisfaction of the former (see Sec. 1).
Metric 4 is computed by taking the standard deviation of
the directivity index and metric 5 is computed by averaging
the normalized and aligned cross-correlation (NACC) of
polar responses.
To evaluate these metrics, we computed the value of
each metric using the measured polar radiation data of
10 loudspeakers, the details of which are presented in
Sec. 4 (also see Table 1). We then ranked these loudspeakers, from most constant-directive to least, according to each metric, and subsequently compared the resulting values and rankings. From these comparisons (discussed in Sec. 5), we draw the following insights regarding the suitability of each metric for comparing transducers based on the extent to which each exhibits constant
directivity:
1. Metric 1 may be the most suitable for critical listening applications in reflective environments or in
which the listening position is not defined a priori,
as it tends to treat all regions of the contour plot
and all contour levels equally (see Sec. 5.1). This
is desirable since, under such conditions, all aspects
of a loudspeaker’s radiation may affect the listener’s
experience.
2. Metrics 2 and 3 are likely the most suitable for
critical listening applications in quiet, acousticallytreated environments with a relatively static listener,
since, by construction, metric 2 is insensitive to variations in spectral distortions outside the predefined
listening window (Sec. 5.2), and metric 3 is similarly
insensitive to those beyond the predefined distortion
threshold (Sec. 5.3).
3. For live sound or other high-amplitude applications
in reflective or noisy environments, metrics 4 and
5 are likely the most suitable since metric 4 tends
to ignore narrowband deviations in directivity (Sec.
5.4) and metric 5 largely ignores any changes in lowamplitude polar responses (Sec. 5.5), both of which
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may not be perceptually relevant due to masking
effects.
Given these insights, we conclude that all of the metrics
proposed in this work may be suitable for standardization,
although each may be best suited to a different application.
Note that, although not explicitly considered here, we
expect all of the proposed metrics to be applicable to many
types of transducers, including microphones and arrays (of
loudspeakers or of microphones). Additionally, while the
metrics proposed here are all defined for three-dimensional
radiation data measured in multiple planes (horizontal and
vertical, at least), we expect the specialization of these metrics to more restricted datasets (e.g., frontal horizontal radiation alone) to be straightforward. This type of specialization was done, for example, in our original paper [15]
on this work and in an earlier work on the directivity index
[21]. However, as all of the proposed metrics are defined
using polar radiation data measured on equally-spaced angular grids, a useful extension of this work would be to
generalize the proposed metrics for use with data measured
on arbitrary grids.
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APPENDIX A LOGARITHMICALLY-WEIGHTED
MEAN AND VARIANCE
Consider a discrete spectrum X[k] for k ∈ [0, K − 1],
where the frequency index, k, is proportional to the frequency in Hz, given by kFs /K, and Fs is the sampling rate.
We define the logarithmically-weighted average, X , over
the frequency index range [K1 , K2 ], as a weighted average

X=

K2

1
· X [k]
k
k=K
1

K2

1
k
k=K

.

(A.14)

1

Similarly, we define the logarithmically-weighted variance σ X2 by

σ X2 =

K2

2
1
X [k] − X
k
k=K
1

K2

1
k
k=K

.

(A.15)

1

APPENDIX B DIRECTION-DEPENDENT WEIGHTS
In this appendix we adopt the direction-dependent
weights given by Tylka and Choueiri [21]. Consider a plane
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perpendicular to on-axis (see Fig. 2) at some distance z ∈
[− 1, 1] from the origin. The intersection of this plane and
the unit sphere defines a circle (or a point if |z| = 1) consisting of all directions which satisfy z = cos θ . The surface
area of the portion of the unit sphere (i.e., the solid angle)
for which z  cos θ is given by
 2π  θ
sin θ dθ dφ = 2π (1 − cos θ), (B.16)
0 (θ ) =
φ=0

θ =0

where θ is a variable of integration and 0 is given in sr.
We use Eq. (B.16) to compute weights that correspond
to the surface area of the unit sphere represented by each
measurement direction, angular coordinates for which are
given in Eq. (1). These weights are given by
 θ 
⎧
,0

⎪
2
⎪
⎪
for n = 0,
⎪
⎪
4π M
⎪
⎪


⎨
 π, π − θ
2
wm,n =
for n = N , (B.17)
⎪
4π
M
⎪
⎪


⎪
⎪
⎪
 (n + 12 )θ, (n − 12 )θ
⎪
⎩
otherwise,
4π M
where we have let
(α, β) = 0 (α) − 0 (β).

(B.18)

In the above equations, each weight is divided by M since
the surface area must be evenly split between corresponding
points from each measurement half-plane.
When restricting ourselves to forward radiation, we consider only those measurements where n ∈ [0, N/2], and
impose a correction to the direction-dependent weights by
assigning 0.5 wm,N/2 to the corresponding end-point measurements. Note that the weights derived in this appendix
are proportional to those provided by Wilson [20, Table I],
where the weights are normalized such that they differ from
ours by a factor of 2M exactly.
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