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Tracing errors arise because the reproducing stylus is of a different shape than the cutting
chisel used to create the original acetate lacquer master for vinyl Long Play (LP) records.
Tracing errors are typically the most significant source of distortion in vinyl reproduction
and probably the main reason manufacturers of pickup cartridges seldom specified distortion
figures for their products. In this paper, a historical overview of harmonic distortion results
due to tracing errors is provided. In many cases, these results are 70-80 years old and, at least
in some cases, seem largely forgotten by now. Some new simulation results are provided to
verify various approximations proposed and used in the past.

0 INTRODUCTION

Tracing errors are the most significant source of distor-
tion in vinyl reproduction (along with usually less detri-
mental vertical and horizontal tracking errors and elastic
and nonelastic deformation of the vinyl). Under many rea-
sonable sets of system parameters, tracing errors can create
distortion at levels that might surprise most audiophiles and
possibly even some audio experts.

Although tracking distortion has received some attention
recently [1,2], tracing distortion has not been discussed in
this Journal for more than 40 years [3].! Given the recent
“vinyl revival” [4], the moment seems opportune to refresh
the collective memory.

This paper presents a historical overview of the analytical
and practical results on tracing distortion since 1937. As
such, it does not contain much new material but provides
verification of the previously derived approximate results
via modern numerical methods on a computer, which were
not available in the 1930s and 1940s when the problem was
first tackled.

This paper also presents some old results in a way that
might be easier to understand. Researchers in the past had
to address the performance of discs that came in various
sizes and with multiple rotation speeds, so that most of the
results were presented in terms of the normalized variables
that were often not straightforward to interpret. This task is
much easier today because the present “vinyl revival” seems
limited to Long Play (LP) discs with 33!} revolutions-per-
minute (RPM) speed.

The rest of the paper is organized so that SEC. 1 ex-
plains the nature of the problem and provides its mathe-

Tracing distortion was also mentioned in a historical summary
paper on disc recordings from 1985 [5].
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matical description. SEC. 2 offers descriptions and presents
some numeric parameter values of the discs and styluses
required to understand the problem quantitatively, while
SEC. 3 presents a summary of the available theoretical re-
sults for tracing distortion. SEC. 4 deals with the pecu-
liarities of these distortions with the vertical, horizontal,
and 45°/45° stereo groove cuts, while SEC. 5 presents var-
ious numerical results for distortion in modern vinyl LPs.
SEC. 6 describes several previously proposed methods to
reduce problems due to tracing errors by predistorting the
signal before the groove is cut. SEC. 7 shows how tracing
distortion limits the maximum signal levels (and thus the
dynamic range) of the recorded waveform, and SEC. 8 sum-
marizes some considerations about the audibility of tracing
distortion.

1 TRACING ERROR

The origin of tracing error can be explained with the aid
of Fig. 1. The operation of the lacquer-cutting chisel, which
must have sharp edges to do its job correctly, is illustrated
on top. The reproduction stylus, which is always rounded to
prevent recutting and is highly polished to minimize wear
and tear of the vinyl, is shown at the bottom. Note that de-
spite numerous different types of stylus tips (spherical, el-
liptical, hyperelliptical, Shibata, Van Den Hul, MicroLine,
etc.), the point of the stylus contacting the groove practi-
cally always has a circular cross-section, no matter what
shape it might take farther away from it. In Fig. 1, x is the
linear distance along the groove, y the groove undulation,
while ®(g) describes the curvature of the stylus tip vs. €,
the distance from its center.

From Fig. 2, it can be seen that at the instance marked by
the vertical line, the stylus will not be touching the groove
at the point where the chisel did (marked with a triangle)
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Fig. 1. Cutting chisel (top) and reproducing stylus tracing the
same groove (bottom).

but at some earlier point (marked with a circular dot, ¢ < 0
case). If the slope of the undulation is opposite, it could be
touching it later (¢ > 0, as in Fig. 1).

Mathematically, for a groove with a sinusoidal recorded
signal, a stylus displacement vs. time is given by

y(t) = Acos(2nft),

where A is the amplitude and f is its frequency. Let Q
denote the angular speed of the record rotation

Q =271 URPM/60,

where vgpyy is the disc rotation speed in RPM (331/3 for LP
records). The distance, x, that the stylus travels along the
groove with radius R is

x = RQt, (1

so the stylus displacement vs. distance along the track is

‘ _a 2nf )
Yin (x) - COs <ﬁx) . ( )

“Fig. 1 and Fig. 2 depict the so-called vertical cut, which is
not representative of the engravings on either mono (horizontal)
or stereo LPs (45°/45°cut). It is still a helpful starting point for
explaining and analyzing tracing errors because the distortions
for horizontal and 45°/45°cuts are much easier to explain once
the simpler case of distortion mechanism in the vertical cut is
understood.
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Fig. 2. Traced curve for a groove with the sinusoidal signal and
spherical tip (v, =21 cm/s,R=6cm, p =5 pm, f = 6.6 kHz).

A stylus’s cross-section shape can be described by a
function ®(¢) in a coordinate system centered at the tip,
with € being the horizontal distance from the tip, as shown
in Fig. 1. For a stylus with a spherically shaped endpoint

D (e) =p—+/p*—¢ 3

where p is the stylus radius.

The point of contact at the location x will be ata value x +
¢, for which the stylus shape curve ®(g,) and the groove
vin(x) have identical tangent lines. Slopes of the tangents
being defined by the functions’ first derivatives, the value
€, at any point x along the groove needs to satisfy

3 d
— D (&) = —yin(x + &), 4)
de dx

It is then easy to show that for a sinusoidal recorded signal

€y A2nf . [(2nf
p2—82__ OR sm<ﬁ(x+sx)>, (5)

X

needs to be solved for ¢,. The displacement seen by the
stylus at some distance x will be determined by the position
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of its center. From Fig. 2, we then find

Your (X) = Yin (x + &) + \V p2 - 8)2c =
= Acos(%(x+sx)>+,/p2—ei. (6)

A major problem in this analysis is Eq. (5), which cannot
be solved analytically (the same was true in the related case
of tracking distortion, Eq. (3) in [1]).

With present-day computers, however, solving Eq. (5)
numerically is relatively easy, with one such example shown
in Fig. 2. Almost every paper on tracing distortion in the past
included such a plot,? although the manual calculation of
the resulting waveforms must have been incredibly tedious
in the 1930s and 1940s.

The bottom part of Fig. 2 illustrates how the two wave-
forms compare when the stylus radius DC offset is removed
from the output waveform y,,,(x). The offset stylus dis-
placement goes through all the values of the input y;,(x)
but at the wrong times. These two waveforms are equal
only at the two extreme values of the input sinusoid y;,(x),
because the tangents at the peaks are horizontal.

The name given to the solid (line) curve in Fig. 2 is a
“poid,” and it seems to have been invented by F. V. Hunt
[6]. It is formally defined as the path traced by the center
of the circle rolling over a sinusoid and appears to have
not been previously described in mathematics. It is not
included in most dictionaries but exists in the dictionary of
IEEE standard terms [7].

2 SIZES AND SHAPES THAT MATTER

To better understand the nature of the problems involved
in LP replay, it is illustrative to consider some of the di-
mensions involved. The playing time for one side of an LP
varies but is usually supposed to be 22-23 min. Assuming
22.5 min, an LP would make about 750 revolutions while
playing one side (22.5 x 33!4). The outermost radius of
the groove on a disc is standardized at 146.05 mm and the
inner one at 60.325 mm [8],* so that the total length of the
groove on a side is about half of a kilometer.

The valid range of radiuses for the grooves is thus about
86 mm, and that value divided by 750 gives about 115
wm (4.5 mils) of inter-groove® spacing on average. As the
neighboring grooves cannot touch (see Fig. 3), this limits
the maximum recorded groove modulation amplitude to
about 50 pm (2 mils), a value most records seem to have
stayed within [9].

3Such a figure first appeared in [6], but with a circle instead of
a cone with a spherical tip, as depicted in our Fig. 2. Figures with
a circle rolling over the groove were later often reproduced when
the horizontal and 45°/45° cuts were discussed, confusing many
readers.

4Original German DIN, Japanese JIS, and the first American
RIAA standards prescribed slightly lower inner radius.

One side of an LP has only one (although a spiral) groove,
so this spacing relates to the neighboring sections of the same
groove. Still, the “inter-groove” spacing and the “first” and “last”
groove are the terms widely used within the recording industry.
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Fig. 3. The stylus in the groove (Courtesy of Ben Krasnow,
www.youtube.com/c/AppliedScience)

Although 115 pm for inter-groove spacing appears to be
about right on average, in the individual discs, the spac-
ing might be considerably smaller, depending on how the
recording was mastered. With soft music material, or the
companders to limit the dynamic range (compress the loud-
est passages), the spacings could be smaller and the side
playing time extended.® If the dynamic range was to be
preserved, the grooves could also be spaced wider apart,
with dynamic adjustments of the inter-groove spacings as
required by the content. The most famous example of this is
probably the iconic LP, “Overture 1812 by Telarc, shown
in Fig. 4.7

In SEC. 3, it will be shown that the stylus speed of move-
ment in the groove is often a parameter of more interest
than the groove’s amplitude itself. For reasons that are not
clear now, within the industry, the peak velocity v,,,, was
always expressed in cm/s, even in nonmetric countries. A
simple calculation® shows that, with maximum amplitude
Ajnax= 50 pm, the maximal recorded velocities are around
Umax= 3 cm/s with a recorded tone frequency f = 100 Hz;
it reaches 30 cm/s with 1 kHz and a whopping 300 cm/s
with 10 kHz.

In SEC. 7, it will be demonstrated that other factors limit
the recorded velocities to much smaller values than 300
cm/s. Most of the tests prescribed in the standards use a
nominal peak velocity v,,,,= 5 cm/s.

%Todd Rundgren was famous for long LPs. E.g., side 2 of his
album “Initiation” clocks at 36:00 minutes [10].

7“Telarc’s” recording of “1812” lasts for about 15.5 minutes and
takes a whole side — the last groove is at a radius of about 75mm.
In the 1980s, it was often used for stress testing of cartridges and
tonearms by many audiophiles.

8Eq.(16) from Section 3.

J. Audio Eng. Soc., Vol. 71, No. 10, 2023 October


http://www.youtube.com/c/AppliedScience

REVIEW PAPERS

= ———=
— -\\

Fig. 4. Grooves with the canon shots on the author’s “Overture
1812 LP by Telarc.

Another useful parameter to keep in mind is the recorded
wavelength X, i.e., the length of the groove corresponding
to one period of the recorded sinusoidal tone. For a tone
with frequency f, from Eq. (1)

RQ
A= —.

f

If a tone with frequency f = 10 kHz is recorded, the
wavelength would be . &~ 51 pum (approximately 2 mils)
at the maximal and about 21 pm (0.8 mils) at the minimal
groove radius. The stylus is obviously dealing with the
literally microscopic features engraved onto an LP disc.

This suggests that the stylus tips also have to be micro-
scopic, and they actually are. Note that here we will be
talking about the tip at the very end of the stylus, the part
that actually fits into the groove in Fig. 3. The conical part
to which the stylus tip (usually made out of diamond) is
attached and the cantilever are much larger than the stylus.

When “microgroove” discs were first introduced (LPs in
1948 by “Columbia,” and 7-in. singles in 1949 by “RCA”),
all stylus tips were still spherical in shape. The initial design
assumed the tip with a 25 pm (1 mil) radius [11], but by
the time, the stereo disc arrived in 1957, the industry had
settled on an unofficial standard of 18 pwm (0.7 mils).

Because reducing the contact radius of the stylus (p in
Fig. 1) reduces tracing errors, later in the 1960s, manufac-
turers developed the concept of an “elliptical” stylus. The
name was somewhat misleading because most of these were
the normal spherical styluses with two flat surfaces ground
on the front and back of the tip, so that the horizontal cross-
section in most cases looked like a rectangle with rounded
sides rather than a true ellipse’ (Fig. 5). The predominant
size was 5 x 18 pum (0.2 x 0.7 mils approximately). Still,
models with a smaller radius of 8 and 10 wm were also
sold.

Q)

9“Shure,” historically one of the most prominent makers of
phonograph cartridges, often used the term “biradial” rather than
“elliptical” for their styluses of this type.
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Fig. 5. Horizontal cross-sections of the styluses.

In the 1970s, when the ill-fated quadrophonic disc sys-
tems arrived (e.g., CD-4), phono cartridges needed to trace
grooves with high-frequency content up to 45 kHz. The first
such model was the famous “Shibata,” but an avalanche of
similar products followed,'? as the laser cutting and im-
proved polishing methods allowed for much more imagina-
tive and complicated shapes. The contact area with the disc
is still circular, but some later models reached the radiuses
of 2-3 wm, about half the size of the best elliptical ones.

In what follows, we will only consider the kinematics
of the stylus motion. When the mechanics of the problem
is studied (e.g., in the analysis of the forces that cause the
deformation of the vinyl), a parameter that often comes
into play is stylus acceleration. Without going through the
mathematics involved, it might be interesting to know that
the stylus in the groove can experience accelerations of up
to 1,000g [12] (g being the acceleration of gravity of 9.81
m/s?). This is about 100 times larger than the maximum
value experienced in military fighter jets [13].

3 TRACING DISTORTION

Nowadays, most engineers would probably solve Eq. (5)
numerically on a computer and then perform a Fast Fourier
Transform (FFT) of the waveform in Eq. (6) to obtain dis-
tortion results, but when the researchers first started looking
into this problem, they did not have computers.

Unlike the tracking distortion case, in which the spectrum
of the distorted waveform could be calculated without solv-
ing a transcendental equation (Eq. (3), [1]) similar to Eq. (5)
for €, in the case of tracing distortion, this proved impossi-
ble. Equipped with the mathematical skills and tenacity that
would be considered enviable today, they still managed to
obtain a series of successively more accurate approximative
results, which is quite a fascinating story in its own right.

1Most came under company-specific, often trade-marked
names, such as “Hyperelliptical,” “Paroc,” “Stereohedron,” “Line
Contact,” “Fine Line,” “MicroLine,” “MicroRidge,” “Van Den
Hull,” “SAS,” etc. They created a lot of confusion among the
audiophiles because, in most cases, they increased the size of the
contact area with the disc in the vertical dimension, which reduced
record wear and tear, but not necessarily in the horizontal, to re-
duce the tracing errors. For instance, the original “Shibata” and
the first “Stereohedron” styluses by “Stanton” actually had the
same horizontal contact radius of 5 um as the contemporary best
elliptical ones. In the later years, these radiuses became smaller.
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The first to describe the tracing error mechanism was H.
A. Frederick [14]in 1932,'! but he did not offer any analysis
of its effects. The first to analyze this problem was M. J.
Di Toro in 1937 [15], who also seems to have coined the
name “tracing distortion.” By using an approximation to the
original sinusoid that combined hyperbolic curves around
the peaks with the linear segments between them, Di Toro
managed to obtain reasonably accurate'? but awkward and
complicated formulas for the amplitudes of the harmonic
distortion components, which provided little insight.

Quantitatively, he was also able to show that his results
matched the experimentally measured values rather well,
making him the first to report any measurements of tracing
distortion. Qualitatively, Di Toro showed that the impact
of tracing errors is twofold: he observed an increase in the
power of the harmonics and a decrease in the power of the
fundamental as the tracing errors got larger, but the relation
of the results to the various parameters involved remained
largely unclear.

One firm quantitative conclusion Di Toro made was that
the harmonic distortion would become prohibitively high
(>10%) if the minimum radius of curvature in the recorded
groove was less than 5 times the stylus tip radius. It will
be shown here that this conclusion will be ignored in many
analyses done several decades later. The other was that the
harmonic distortion was a much more severe problem than
the attenuation of the fundamental (a fraction of a dB when
the total harmonic distortion (THD) reaches 10%).

Within less than a year, Di Toro’s work was followed by
a paper by J. Pierce and F. Hunt [6]. They were the first
to explain the fundamental difference in distortion encoun-
tered with horizontal (lateral) and vertical (“hill-and-dale”)
groove recordings (to be discussed in SEC. 4) and provided
a series of numerical solutions to Eq. (5) without any ap-
proximations. Combined with a series of 7-point Discrete
Fourier Transform (DFT) results for thus calculated wave-
forms, this enabled them to create the nomogram graphs
from which quite accurate distortion results could be read.
They also devised an “empirical” formula for the n-th har-
monic A, of the traced waveform

_ (kAkp)™!
===

An , ®)

Tt might be interesting to mention that the famous conductor
Leopold Stokowski participated in the discussion after Freder-
ick’s paper [14] was presented at the Society of Motion Picture
Engineers meeting in Dec. 1931 in New York. Stokowski had a
long history of cooperation with engineers from Bell Laborato-
ries on improving systems for the reproduction of music from
discs and over radio [16]. Among other things, on this occasion,
he discussed the high-frequency limits necessary for the accurate
reproduction of cymbal sounds.

12Di Toro’s “exact” results were obtained by “harmonic analysis
of the graphically determined traced curves.” A similar graphical
method was used by Olney [17], the first to calculate the tracking
distortions, except that the Fourier coefficients were evaluated on
an early analog computer — Di Toro did it manually, using the
pre-FFT method of tabulated “schedules” [18].
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where A is the amplitude recorded in the groove, p the
radius of the curvature of the stylus tip that is in contact
with the groove, and k is a wavelength parameter given by

k= m = ﬂ C))

I3 RQ
as can be shown with the aid of Eq. (7).

F. Hunt subsequently joined forces with W. Lewis, and
in 1941, they published a paper [19] in which they used
the power series to derive the approximate formulas for the
second and third harmonics of the waveform distorted by
tracing errors. Normalized to the fundamental, they calcu-
lated their relative amplitudes as

1

1
D; = §<kAkp)2, (11)

showing that the Eq. (8) was right for the second harmonic
but underestimated the amplitude of the third one by about
12%."3 It also showed that, in many practical cases, the sec-
ond harmonic would dominate the total distortion results.

By using the iterative numerical calculations to solve Eq.
(5) and the 7- and 12-point DFT on Eq. (6), they further
showed that the approximations from Egs. (10) and (11)
held quite well as long as the total harmonic distortion
levels were reasonably small.

Lewis and Hunt also provided some very interesting re-
sults about distortions in the vertical vs. lateral cut records
that will be addressed in SEC. 4, but they did not address
the tracing loss on the fundamental frequency at all.

The final set of formulas for tracing distortion was pub-
lished in 1949 by M. Corrington [20]. He used Lewis and
Hunt’s Taylor series approach but carried his calculations
up to the seventh harmonic, evaluating between 5 and 7
first terms in the series for the amplitudes of the harmonics.
Using the same notation .4, for the amplitude of the n-th
harmonic as in Eq. (8), the first 3 components expressed by
the first two terms of the series are as follows:

A=Al -— %(kpkA)z + ] , (12)

A —A—l(k kA)—i(k Y (kA + (13)
2 = -4 p 16 p R Y

A3 =A _l(kpkA)z - i(kp)z(kA)4 +.. } (14)
T8 32 ‘

It is easy to see that D, = A/ Ay and D3 = A3/ A
would match those in Eqs. (10) and (11) if only the first
terms in Eqgs. (12) to (14) are kept. More details about
derivations from [19] and [20] can be found in APPENDIX
A at the end of this paper.

The problem was probably considered solved at this
point, and virtually nothing was published on tracing (and

3If the original papers are consulted, note that the results for
our Eq. (8) to (11) were given for the velocity-sensitive cartridges,
so there each result was multiplied by the order of the respective
harmonic in them,

J. Audio Eng. Soc., Vol. 71, No. 10, 2023 October



REVIEW PAPERS

related tracking) distortion in the next almost 15 years.
A pair of apparently independent papers in late 1962 and
early 1963 [21,22] describing the previously unrecognized
problem of vertical tracking error revived the interest in
these questions. A series of new papers dealing with trac-
ing and/or tracking distortion followed. About a dozen of
these were authored by D. Cooper [23-33] in a span of
about 3 years.

Cooper showed that tracing and tracking distortions can
be viewed as “skew” transformations (see APPENDIX A for
details). Despite many papers with often complex math,
he did not derive any new formulas for tracing distor-
tion. Quantitatively, he always used Eq. (10), neglecting all
the harmonics after the second. Qualitatively, however, he
showed that tracing distortion can be viewed as a phase (or
frequency) modulation, with the modulating signal having
the same frequency as the “carrier.” This can be regarded
as a case of “auto-modulation,” where the signal modulates
its own phase, with the modulation index

B = kAkp. (15)

Cooper also showed that, under some simplifying as-
sumptions discussed in APPENDIX A, the second harmonic
of the tracing and tracking distortion would be in quadra-
ture (orthogonal). This suggested that the powers of the
distortion components would add up in the harmonic dis-
tortion, as well as in the eventual intermodulation distortion
calculations.

It should be emphasized that all the formulas in this
section so far were derived for groove displacements. All
modern magnetic cartridges operate on Faraday’s induction
principle and are velocity-sensitive, i.e., their amplitude
would be proportional to the rate of change of the engraved
waveform, not the waveform itself. Because

% Acos(2nft) = — A2nfsin(2nft),

this means that, in any distortion calculation, the amplitudes
of the displacement components (A4, in our notation) should
be multiplied by their respective order (n) first.

Since 1952, the signals from magnetic cartridges would
also have been subject to the effects of the standardized
RIAA equalization in preamplifiers.'* This means that the
fundamental and every distortion component would have to
be adjusted according to the RIAA playback curve [8] per
their actual frequencies to assess their magnitudes as they
would be reproduced.

Another consequence of the velocity-sensitivity of car-
tridges is that in what follows, it will be more convenient
to use the peak recorded velocity v,,,, as the parameter
rather than the amplitude A of the groove displacement.
Peak velocity is formally defined as

Vpax = A 2T[f (16)

Again, for reasons that might be lost to history, v,,,, was
always defined as a peak rather than a root-mean-square

14Before the RIAA standard, various manufacturers used many
different equalization curves of their own design [34].

J. Audio Eng. Soc., Vol. 71, No. 10, 2023 October

TRACING DISTORTION ON VINYL LPS

Fig. 6. Vertical (left) and horizontal groove cut (right) with the
same recorded signal, view from the top.'>

(RMS) value and practically always in cm/s units, even in
the US.

4 VERTICAL, HORIZONTAL, AND 45°/45° CUT

Thomas Edison’s first phonograph cylinders, developed
in 1877, used vertical cut (a.k.a., “hill-and-dale”), where the
depth of the groove was proportional to the magnitude of
the signal [35]. Less than a decade later, Emile Berliner, the
father of the modern disc player (“gramophone”), patented a
system with horizontal (lateral) indentation [36]. He argued
that this, unlike the vertical method, would cause the stylus
drag force to be constant, independent of the amplitude of
the recorded signal, and introduced recordings in a disc
format.

This started the first of many “format wars” that have
plagued the audio industry ever since. It was fought on
two fronts: vertical vs. horizontal cut and cylinder vs. disc.
Berliner ultimately won on both; since about 1930, only
discs with horizontal cut were produced.

Because vertical cut will be of interest when discussing
stereo records, in Fig. 6, both cutting methods are illus-
trated. Looking at the cross-sections AA’ and BB/, as shown
in Fig. 7, it can be seen that the stylus would always be at
the distance of +/2p from the bottom of the groove. A cross-
section along the center of the groove would look just like
what was presented in Fig. 2, so one can conclude that the
previously discussed distortion theory applies fully to the
vertical cut case.

The situation with a horizontal cut is much more compli-
cated, as depicted in Fig. 8. It is a redrawing of the original
illustration made by Pierce and Hunt [6] and shows that the
equality of the tangents at the point of contact would create
“poid”-like curves on each side of the groove. At different

SThe cutters’ tip is usually rounded at the bottom (somewhat
U-shaped rather than really V-shaped), so the edge at the bottom
of the groove is not a visible line in either case. Showing the
groves as they would appear if the cutter had a triangular vertical
cross-section gives a better insight, however, and will be used in
Fig. 6 to 8 and Fig. 10.
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SECTION A-A”

SECTION B-B’

Fig. 7. Cross-sections as indicated in Fig. 6 for vertical cut.

4 A

Fig. 8. Stylus contact point trajectories (dashed lines) and the
hypothetical undistorted contact waveforms (dotted lines) on the
sides of the laterally cut groove, top view. Gray circles are cross-
sections of the stylus at the plane of contact.

points along the contact trajectory, however, the width of
the area between contact points would be different, causing
the stylus to rise in the parts with larger slope (CC’) and
sink deeper into the groove when the slope is smaller (DD’).
This was named the “pinch” effect, and the need to accom-
modate this vertical movement of the stylus when playing
the laterally cut discs seems to have been a major surprise.

In 1938, when [6] appeared, most cartridges provided
no degree of freedom for the stylus to move vertically.
This caused excessive record wear and extra distortion. The
problem was additionally complicated because, from Fig. 8,
the stylus would go through two positive and two negative
depth extremes per recorded wavelength. This meant that
the vertical movements of the stylus would occur at twice
the frequency of the waveform recorded horizontally. Be-
cause the piezoelectric and the massive magnetic cartridges
available before World War 2 (WW2) had a very limited
frequency range horizontally,'® the requirement to track
vertical movements over twice their horizontal band limit
was very challenging at the time.

16Pre-WW2 disc lathe cutters had an upper limit of around 8
kHz, and the “sensational” FFRR (Full Frequency Range Record-
ing” system introduced by “Decca” in 1945 had an upper limit of
about 14 kHz [39].
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Fig. 9. Conceptual 45°/45° stereo cutter.

A possibly even more surprising conclusion that Lewis
and Hunt reached in [6] was that with lateral cut, the tracing
error would produce no 2" harmonic whatsoever, while the
3 will be smaller than in vertical cut. For small distortion
values, Corrington [20] later found that the third harmonic
in the horizontal cut would be one half of the value of the
vertical cut, i.e., half of what Eq. (11) suggests.

The analysis in [6] for the horizontal cut is quite involved,
an outline of which is given in APPENDIX B.1. But the con-
clusion about significantly lower distortions seems correct
intuitively. From Fig. 8, the traced curves on two sides of
the groove look quite symmetrical because the part seen
as convex by the stylus on one side is seen as concave on
the other side of the groove. The tracing errors are thus in
counter phase and would cancel each other to a large extent,
as the cartridge reacts to the movement of the center of the
stylus in the horizontal plane. Fig. 8 is a very exaggerated
example so that the variation of the vertical stylus positions
can be seen to illustrate the point about “pinching.”

One of the early ideas about introducing two channels
on a stereo disc was to cut one channel vertically and the
other horizontally. Another one, published on page 1 of the
first issue of this Journal in 1953, was to cut two grooves
for two channels separately in parallel [37]. Ultimately, the
industry agreed on the solution where the left and right
channels were cut at 45° angles, as depicted conceptually
in Fig. 9. This system was standardized in 1958 but was
based on the idea in UK engineer Alan Blumlein’s patent
filed way back in 1931 [38]..

This choice for the stereo cut was made to ensure back-
ward compatibility. After a bit of math was sorted out, an
arrangement could be made where the horizontal displace-
ment of the groove would correspond to the sum of left
and right signals (L+R); the vertical displacement would
correspond to the difference (L-R or R-L),!” depending on
which of the two signals’ polarity was inverted before cut-
ting. (More details are in APPENDIX B.1). This way, the old

"Readers familiar with microphone techniques for stereo
recordings might realize that a similar approach with sums and
differences (often called “matrix”) is used in the “M/S”” method.
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Fig. 10. From the left: stereo groove with the sinusoid in the left
channel only, sinusoid of twice the frequency in the right channel
only, and with both channels simultaneously (view from top).

monophonic cartridges that reacted to the groove’s horizon-
tal variations could play the new stereo discs correctly.'®

The reproducing stylus can read the recorded pattern by
ensuring that two sets of orthogonally positioned magnet-
coil fixtures induce the voltages due to the movements
in only one of the two 45° directions. Piezoelectric (“ce-
ramic”) stereo cartridges were also made and marketed in
the 1960s. See [40] for an excellent summary of the early
history of stereo cartridges.

According to eyewitness accounts [41,42], the technical
standards committee of the Recording Industry Association
of America (RIAA) received an in-depth analysis of the
tracing distortion prepared by Corrington and Murakami at
their December 1957 meeting when the stereo recordings
were considered. This report was later published in [43]
and showed that the harmonic distortion in each of the 45°
channels is the same as in the vertically cut discs. Unlike the
horizontal cut, stereo records would thus have the second
and all other even harmonics.

This possibly surprising result could be explained with
the aid of Fig. 10. If we imagine positioning our eye to
align with either of the silent grooves in the figure, the
other channel will be seen as a traditional vertical cut.

To deal with this distortion increase, the technical com-
mittee of the RIAA simultaneously recommended that the
stylus tip radius for stereo should be reduced to 0.5 mils
(12.7 pm), but in Europe, their engineering committee in-
dependently at about the same time, settled on 0.8 mils
(20.3 wm), a value that some US cartridge manufacturers
also preferred at that point. At the Electronic Industries As-
sociation (EIA) standards meeting held in January 1958, a
compromise recommendation of 0.7 mils (17.8 wm) was
adopted, a value that would appear for years in the dimen-

8In practice, most old mono cartridges did not have enough
vertical mobility to accommodate the variations encountered in
stereo recordings. They were often found to damage the stereo
discs, in some cases after just one playing. Stereo discs contained
a warning on their sleeves about the dangers of playing them on
old mono reproducers well into the 1970s.
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sion specifications for many styluses, although mainly for
the dimension of a vertical cross-section.

5 DISTORTION RESULTS

In the horizontal tracking error case, the main distortion
parameter (¢ in [1]) is typically in the 0.01-0.02 range in all
cases of practical interest. As a result, the distortion under
any reasonable design is confined to the second harmonic
and can be well approximated by the first term of a Taylor
series for the Bessel functions [1].

The approximations in Eqgs. (10) and (11) for tracing
distortion work very well in many practical scenarios, but
the equivalent parameter B(= k Akp) from these expressions
can assume much larger values under many combinations
of realistic system parameters. For instance, with a velocity
of 10 cm/s and stylus curvature radius p of 5 pm, in the last
groove of an LP disc, the parameter B can be greater than
0.5 for frequencies f > 7 kHz.

At the recorded velocities of about 50 cm/s that some
manufacturers claimed since the mid-1990s their cartridge
could track,' such a condition would arise above 1.4 kHz,
so the first-order approximations from Eqs. (10) and (11)
can be somewhat inaccurate. Even the accuracy of the
higher-order ones from Eqgs. (12) to (14) can sometimes
be problematic because the power series tend to converge
very slowly in many cases of practical interest.

To illustrate this point, in Fig. 11, the distortion results
calculated by solving Eq. (5) numerically and performing
the FFT on the resulting waveform are shown, as already
explained in SEC. 3. Curves were obtained for a fixed ve-
locity of 10 cm/s, by calculating the frequencies which will
give the resulting f on the abscissa. The results based on
Egs. (10) and (11) by Lewis and Hunt [19] are also shown,
along with those obtained by Corrington, except that the
fourth-order approximation from [20] was used, not the
second-order versions from Egs. (12) to (14).

Egs. (10) and (11) work well for both harmonics at val-
ues, say, p< 0.4, overestimating the amplitude of the second
harmonic by about 10% and of the third by about 20%. Cor-
rington’s fourth-order approximation performs better at the
low end but diverges quickly at the high end. With larger
velocities, both approximations diverge sooner, e.g., at 20
cm/s, discrepancies are already more than double those for
10 cm/s at B &~ 0.1. For velocities larger than that, one
should probably rely exclusively on simulations. In some
cases, even the fourth harmonic (also shown in Fig. 11)
reaches values that cannot always be neglected. It probably
would not be a surprise that in 1958 Corrington did not use
his own formulas from [20] in his paper [43] on distortion
in stereo reproduction but opted for numerical methods to
obtain the required results on a computer.

19«Shure,” one of the leading manufacturers of magnetic car-
tridges, introduced its iconic “V15” model in 1964. Throughout
the years, many versions were produced, with ever-increasing
“trackability” ratings. The last model, “V15 Type VXMR,” made
from 1996 to 2005, had a rating of 46cm/sec at 1 kHz [46].
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Fig. 11. Individual distortion levels for the second and third
harmonic vs. = kAkp parameter at 10 cm/s recorded velocity
(with 5-pm stylus, in the last LP groove), displacement-sensitive
cartridge.

While computers were available in 1958 when [43] ap-
peared, the FFT algorithm was still not widely used in
engineering. Although at least some elements of the FFT
algorithm were developed by C. W. Gauss around 1805
[44], it was not well known and certainly not used on com-
puters until Cooley and Tukey’s paper [45] from 1965. This
means that Corrington and Murakami in [43] likely still cal-
culated the spectra using the DFT.

It should be remembered that the numeric results for
the harmonics of the resulting signal y,,,(x) from Eq. (6)
relate to the displacement of the stylus center. For magnetic
cartridges, the output signal is proportional to its velocity,
so that each component’s amplitude must be multiplied by
the order of the harmonic.

Furthermore, this output signal would be subjected to
RIAA equalization, which boosts the high-frequency sig-
nals during the recording and attenuates them during play-
back. The RIAA equalization curve, however, is not linear,
so the fundamentals of different frequencies would be at-
tenuated differently.

In Fig. 12, we show how the second and third harmon-
ics of the displacement signal would be amplified by the
combined effects of the velocity cartridge and the RIAA
equalization. Although the equalization curve prescribed
by RIAA in [8] extends indefinitely, in practice, the fre-
quency response of the cutters and audio amplifiers was
often suppressed rather sharply above 20 kHz. To avoid fur-
ther assumptions about that cutoff, in Fig. 13 and Fig. 14,
we show the second harmonic results for the tones with
fundamentals under 10 kHz and for the third under 6.7 kHz
only.
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Fig. 12. Multiplicative factors due to velocity cartridges and RIAA
equalization for the second (solid) and third (dashed line) har-
monic vs. frequency of the fundamental.
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Fig. 13. Simulation results for second and third harmonic distor-
tion in the middle groove (radius 10.3 cm) of an LP with stylus
radius sizes of 18 wm, 5 pm, and 2 pm; 10 cm/s recorded velocity,
velocity-sensitive cartridge, and RIAA equalization

Both figures indicate very high distortion values with
a relatively moderate velocity of 10 cm/s,?° and they will
increase roughly proportionally at higher velocities. These
numbers might be surprising for many audiophiles and pos-
sibly for some audio specialists too.

20To put these values into a bit of historical perspective, the Ger-
man DIN 45500 standard from 1966 prescribed different require-
ments for various Hi-Fi components, with the maximum allowed
distortion values usually around 1%.
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Fig. 14. Simulation results for second harmonic distortion in the
first (14.6 cm), middle (10.3 cm), and last (6.0 cm) groove of an
LP with stylus radiuses of 5 wm and 2 pm with 10 cm/s velocity,
velocity-sensitive cartridge, and RIAA equalization.

The curves with very similar results, however, have been
published previously (e.g., in [6] and [15]), but most later
papers usually gave them as a function of the linear groove
velocities (2R in our notation), not the groove radiuses.
This was done to address the 33'/3, 45, and even 78 RPM
speeds, and all different record sizes that existed at various
times when these papers were prepared, so that the effects
of tracing errors were a bit obscured.

Given the results in Fig. 13, it is not surprising that car-
tridge manufacturers strove to produce styluses with smaller
curvatures than the initially recommended 18 wm radius as
soon as stereo discs appeared. Looking at Fig. 14, however,
it can be seen that even with the modern styluses of around
2 pm radius, the distortions at higher frequencies are at
the levels most audiophiles consider unacceptable, espe-
cially as the groove radiuses decrease toward the end of
the discs. The earliest researchers, Di Toro [15] and Pierce
and Hunt [6], also performed experimental verification of
their vertical and horizontal cut results and found that the
measurements matched their theoretical results quite well
in both cases.

This was somewhat surprising because most other
sources of distortion that could have impacted their test
results were not well understood at the time. They avoided
this by selecting the system parameters that gave atypically
large distortions, in the 10%—50% range, much higher than
what the tracking and elastic groove deformation errors
were likely to create. The agreement at the distortion lev-
els below 10% was noticeably worse in [6], with measured
results exceeding the theoretical values by a considerable
margin, probably due to these other distortion sources.
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Few other experimental results for harmonic distortion
were reported in the technical audio literature or in popular
magazines for audiophiles. In technical journals, when au-
dio engineers needed to test tracing distortion (for instance,
to compare results with and without the devices to reduce
tracing distortions from SEC. 6), tests of intermodulation
distortions (IMD) with two tones [47] were generally pre-
ferred because they could more easily create numerically
large values, easier to assess correctly in the presence of the
other distortion mechanisms.

To the best of this author’s knowledge, the cartridge
manufacturers never listed any distortion results (THD nor
IMD) in any technical specifications for their products. The
only example of reporting the THD in the popular literature
he is aware of is in a 1964 paper [48], where the authors pre-
sented their first results for the “elliptical” styluses. They
showed that with vertical cut, a 0.2 mils stylus would reduce
the second harmonic by 20% and 40% with respect to the
0.5 and 0.7 mils styluses but still showed the THD results
between 5% and 6% for 0.2 mils radius. They were ob-
tained with a 21 cm/s test signal at 1 kHz frequency and 24
cm/s at 2 kHz, but the groove radiuses and the disc rotation
speed were not specified.

6 CORRECTION OF TRACING ERRORS BY
PREDISTORTION

The work on eliminating or at least reducing tracing
distortion started almost as soon as stereo records were
standardized [41]. The general idea was to introduce a pre-
distortion in the signal driving the cutter for the original
acetate from which the masters and stampers were made
so that the distortions were reduced when the actual vinyl
discs were played back by the reproducing stylus.

Interestingly, the first suggestion on how to achieve this
was made almost as soon as the severity of the problem was
first recognized. The idea was brought up in the spring of
1938 at the Society of Motion Picture Engineers (SMPE)
meeting in Washington, DC, where Pierce and Hunt pre-
sented their paper [6].

Immediately after Pierce’s presentation, W. MacNair, an
SMPE Fellow, suggested that tracing distortion could be re-
duced if the original acetate disc was traced with a standard
reproducing stylus and the signal from the cartridge, with
its polarity inverted, used to cut a new acetate.?! He argued
that this “upside down” signal will be reproduced as the
original sine signal, if played back with a stylus of the same
size (except that its original polarity will be reversed). The
explanation sounds complicated, but the concept is easy to
understand with the aid of Fig. 15. The mathematical anal-
ysis becomes quite involved when the input signal is not
sinusoidal, however.

2 After the papers, the technical journals in those times regu-
larly published the transcripts of the discussions held at the confer-
ences after the paper was presented. Footnote 9 about conductor
Stokowski’s comments on Frederick’s paper [14] was taken from
such an appendix, and MacNair’s suggestion was published as an
appendix in [6].
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Fig. 15. McNair’s predistortion method for tracing error cance-
lation. The dashed lines are engraved, and the solid ones are the
traced waveforms (the reproduced waveform at the bottom is the
traced one from the top, with inverted polarity).

E. Fox and J. Woodward in 1963 summarized the results
of the work done in “RCA Labs” since the introduction of
the stereo disc [49]. MacNair’s idea with rerecording was
shown experimentally to reduce the distortion components
to about half of the original values with a combination of
two sinusoidal signals as the input (IMD), but it doubled
the acetate noise and was considered too cumbersome for
use in commercial recordings.

As a practical alternative, the “RCA” team developed an
electronic solution based on an analog delay line that could
approximate the curve to be traced based on the best fit
among 12 discrete possible contact points with the stylus.
The device could not do its calculations for continuously
varying groove radiuses either, so it provided options for
7 discrete radiuses to choose from [49]. It was an early
1960s technology that looks incredibly clunky by current
standards. Still, it did its job quite well, reducing the most
dominant IMD components by a factor of at least two in
the worst-case scenarios, near the end of the disc.?

The “RCA” apparatus was named “Dynamic Record-
ing Correlator” for reasons not completely clear. “Teldec,”
a joint venture of “Telefunken” and “Decca,” also stud-
ied such an apparatus in 1965 [50], whereby the second
harmonic distortion signal was synthesized and subtracted

22Complete removal of the distortions would not be possible
even with a perfect implementation because elastic deformation
of vinyl under stylus pressure cause the traced path to be different
than calculated on a perfectly stiff groove surface [61].
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from the signal going into the cutter. Another solution,
based on the ideas that D. Cooper covered in several of his
papers, also went through some early stages of development
[32], but it is not clear if it was ever commercialized.

A team from “Neumann,” a famous manufacturer of lathe
cutters from Germany, built a practical tracing error correc-
tion system based on the “Teldec” solution [50] by the late
1960s, using more advanced analog electronics [51]. De-
vices for tracing distortion elimination were also developed
in Japan by teams from “Toshiba” in 1970 [52] and from
“Nippon Columbia” in 1973 [53]. "EMI” from the UK re-
ported one implementation using an analog shift register
(“bucket-brigade” circuit) in 1977 [54].

Despite promising results from around the world, these
methods appear to have hardly ever been used in commer-
cial disc recordings. Part of the reason was an overwhelm-
ingly negative reception that “RCA’s” new “Dynagroove”
system, which incorporated the “Dynamic Recording Cor-
relator,” received in the popular press when it was intro-
duced in the USA in 1963.% For reasons that were not
always clear, a significant portion of the scorn was directed
at the “Dynamic Recording Correlator” itself.

Despite considerable fanfare and a launch that included
an inaugural paper on the “Dynagroove” system published
in this Journal [56] written by none other than H. Olson,?*
the system was retired within a few years only. “Neumann”
offered the tracing distortion reduction module “TS 66 as
an option in at least one of their amplifiers for driving the
cutters, but it seems to have been used very sparingly in
commercial recordings.

While subjective evaluation could have gone both ways,
the objective problem for all these tracing predistortion
systems was that they could adjust their algorithms for
only one stylus curvature radius (in “Dynagroove” 18 pm
[49] and 15 wm in “Neumann” [51]). By the time they
arrived, styluses were already made in several different
radius sizes (and shapes), with most higher-grade ones soon
having radiuses smaller than either of these two values.
The other problem was that the solutions possible with
analog electronics from the 1960s and 1970s could not be
very precise and—at least in “Neumann’s” case—required
a rather cuambersome periodic calibration [57].

2The campaign against “Dynagroove” was exceptionally fever-
ish in the popular “Stereophile” magazine [55]. J. G. Holt, the
magazine editor and a big advocate of subjective listening tests,
seemed to have been on a personal crusade against anything that
would alter the purity of the original recordings. He also strenu-
ously objected when the IEC introduced an additional cutoff at 20
Hz into the RIAA’s original playback equalization curve to deal
with subsonic components due to record warps.

2*Harry F. Olson was the head of the “RCA” laboratory for
acoustic research, a celebrated author of many text and reference
books in audio engineering, one of the founders and a president
of AES, editor of this Journal from 1966 to 1969, a recipient of its
John Potts Medal (now AES Gold Medal) award in 1949, member
of the National Academy of Science, etc.
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Fig. 16. Shape of the cutting stylus.

7 MAXIMUM RECORDED VELOCITY

The dynamic range of LP discs is frequently discussed on
internet forums in often heated debates on the advantages
and disadvantages of analog vs. digital recordings. The
range obviously depends on the noise levels LPs have and
the maximum signal level they can support.

What is usually called “vinyl noise” in popular audio
literature covers several noise sources in addition to those
coming from the microvibrations of the stylus due to the
nonhomogenous, granular molecular structure of the vinyl
itself. It is an interesting subject in its own right, but it is
beyond the scope of this paper.?

The maximum possible recorded velocity, however, is
limited by three factors recognized as far back as 1960 by
J. Stafford [60]. All three are related to the stylus and groove
geometry; one of them is tracing distortion.

The first and easy-to-understand factor is the maximum
amplitude that can be recorded in the groove. It has to be
small enough to ensure that the neighboring grooves do
not touch each other. In SEC. 2, a quick calculation was
provided that suggested that the maximum amplitude in
typical recordings A,,,, =~ 50 wm, so from Eq. (16)

Umax S zanmax (18)

Maximum possible velocity would thus be increasing
with the frequency, and we can easily adjust the curve for
any other value A, that shorter-lasting LP sides with
larger inter-groove spacings would allow.

The second constraint is a bit more challenging to ex-
plain, but it is related to the shape of the cutting stylus,
whose cross-sections are always triangular, as depicted in
Fig. 16. For some reason, these sides in practice were at
45° (a.k.a. “relief angle”) relative to the front, cutting side.

ZThe latest technical papers this author could find on vinyl
noise are more than 50 years old [58, 59]. Various measurements
can be found on the internet nowadays, but they are of somewhat
limited usefulness. Generally, they do not indicate the resolution
bandwidth or FFT size, disc speed, or groove radius. More often
than not, they do not offer any reference point for their measure-
ments (e.g., level for 5 cm/sec velocity) either.
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Fig. 17. Cutting stylus trajectory without (top) and with the “slope
overload” distortion (bottom). Horizontal cut, view from above.

(A smaller angle of 35° appeared to have been used for
some quadrophonic recordings only, like CD-4 [62].)

If we keep the amplitude of the recorded signal constant
and increase its frequency, at some point, the cutter’s back
sides will start interfering with the recorded groove sides.
Fig. 17 depicts a horizontal cut, but it is easy to see that the
same mechanism would exist in vertical and stereo record-
ings. This is called “slope overload” and will occur when
the slope of the signal becomes larger than the relief angle.
If we let o denote the relief angle, and because the slope of
the recorded signal is its derivative, from Eqs. (2) and (16),
we will thus have a requirement

Umax . 2T[f Umax
— sin| — || < < tan(a),
QR QR QR

or
Umax < QR tan (o). (19)

This constraint is independent of frequency.

A third constraint introduced in [60] was based on the
tracing requirement. Stafford noticed that the stylus would
not be able to trace the engraved signal if the maximum
curvature radius of the signal became smaller than the stylus
radius p. Fig. 18 depicts a situation when the stylus cannot
reach the bottom part of the curve around x = 10.5 pm
because of this condition.

The radius of curvature r(x) of any twice differentiable
function y(x) is given by

3 |l +y/(X)2%
T =

(20)
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Fig. 18. An example where the curvature of the groove is smaller
than the stylus radius. Parameters are the same as in Fig. 2, except
that the recorded frequency is f = 10 kHz.

Using Eq. (2) in (20) and carrying out the necessary
calculations gives

2
max o 2nf
‘1 + [—'gm sm(QRx)]

270 f Vmax 2nf
PR COS <_QR X

r(x)= (20)

Minimum radius values r,,;, will appear when the argu-
ment of both trigonometric functions is an integer multiple
of m, because then the cosine term in the denominator is
the largest and the sine term in the numerator the smallest.
This value r,,;, has to be larger than the stylus radius, i.e.,

Q2R?
in = = >

Fmin = T (170 I fon =" 2
and from Eq. (21), the third constraint on maximum velocity
is obtained as

Q?R?
Umax = Ffp )

which obviously decreases with frequency.

In [60], Stafford combined Egs. (18), (19), and (22) in a
graph like the one in Fig. 19. The sloped line on the left is
due to the amplitude, horizontal lines in the middle to the
slope overload, and the downward sloped ones on the right
to the tracing curvature constraint.

Assuming the same or slightly different values of the
pertinent parameters, graphs like this would be reproduced
in many technical and popular papers for years [9, 63]. It
was usually done when discussing “trackability,” a param-
eter that authors from “Shure” evangelized as an answer to
a simple question—which velocities are cartridge styluses
supposed to be able to track?

A serious problem with the graphs like the one in Fig. 19
is that the limit on the right-hand side assumes that the
groove curvature radius has to be no less than the stylus
curvature radius. This would ensure that the stylus would
not lose contact with the bottom of the groove indeed, but
Di Toro’s analysis way back in 1937 showed that, for rea-

(22)
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Fig. 19. Maximum possible velocities on an LP based on the
analysis by Stafford [60] (relief angle a = 45°, stylus radius p =
5 pm, and maximum recorded amplitude A,,,,= 50 pm).
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Fig. 20. Maximum possible velocities on an LP with the same
parameters as in Fig. 18 for 1% and 5% harmonic distortion.

sonable distortions, the minimal groove curvature has to be
several times larger than the stylus radius.

Consider the point marked with a square in Fig. 19, at the
corner where slope overload and curvature lines intersect.
It corresponds to the velocity of 21 cm/s at a frequency of
6.6 kHz in the inner groove of an LP with a radius of 6
cm, which turns out to be precisely the parameters from
our example in Fig. 2. Very few audio experts would be
likely to consider the traced curve from that figure to be
an acceptable proxy for the sinusoidal input signal. THD
in that example is actually a whopping 19.60% (the second
harmonic is at 18.46% and the third at 5.61%; even the sixth
harmonic is above 1%).

If more realistic limits on the allowed distortion are im-
posed, possible velocities will be much smaller. An example
of such a calculation, assuming that the worst second har-
monic distortion should be at 1% or 5%, is presented in
Fig. 20. The first to create such plots was Cooper in 1963
[25]. Still, the industry by and large continued to use the
plots as in Fig. 19.

We can see that in the 1% case, the recorded velocities
can never reach the horizontal limit due to slope overload
constraints. The actual maximums are at about 12, 19, and
29 cm/s in the innermost, middle, and outermost groove
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of an LP, respectively. With a 5% limit, the results would
be different, but ultimately the question of what maximum
velocity can be reproduced reliably on an LP depends on
how much distortion we are willing to accept at which
frequencies and at which groove radiuses.

Obviously, an important question to assess the extent of
the potential distortion would be what kind of recorded ve-
locities can be found on LPs. A study “on a large collection
of ‘difficult to track’ records” reported in 1973 [9] showed
that out of a few hundred samples of the most “difficult-to-
track passages,” the recorded velocities were larger than 50
cm/s in 5 cases, all having the ”dominant frequency” in the
4 to 10 kHz range.

Another often referenced data point is from the 1977
paper by T. Holman [64]. Citing another paper, which turns
out to be the minutes from a meeting of an audio club in
Boston [65], this author reported that a maximum recorded
velocity of 105 cm/s had been measured at a frequency of
about 7 kHz on a jazz record issued in 1963.2°

Neither of these publications explained anything about
the measurement methodology, but the number 105 cm/s
can often be found on the internet when the dynamic range
of an LP is discussed. It even appeared in at least one
published paper [66], purported to be the maximum level
that can appear on an LP.?’

Even if the number 105 was measured correctly,28 it is
probably clear by now that this signal could not have been
tracked with the cartridges available in the 1970s. And
even if the stylus could stay in the groove, the distortion
would have reached atrocious values when replaying this
signal. The question of the maximum velocity that can be
reproduced reasonably well from an LP cannot be answered

26The LP is “Hey! Heard the Herd” by Woody Herman, issued
by “Verve Records” (V-8558). It seems to be an acoustic jazz
recording with an electric organ [67]. It is somewhat puzzling
how such a high velocity could be present on a music piece with
such a lineup, and how it could have been recorded with the 1963
technology.

2’Bauman in [66] then went on to claim that with this maximum
velocity, the dynamic range of LPs can exceed that of digital
CDs. In this analysis, however, he considered the thermal noise of
the preamplifier as the only source of noise in LP reproduction,
disregarding all the components of the vinyl noise at its input,
which will be amplified just like the desired signals.

28Neither of the papers gives any details on how these veloci-
ties have been measured. They were above the tracking ability of
the cartridges in the 1970s, so direct cartridge output signal level
measurements would probably not have worked. Other methods to
measure the recorded velocity at the time [68] included measure-
ments of the optical light patterns after the disc was illuminated
with a specially positioned light source, microscopic photography,
and “variable speed”” measurements, which in this case probably
would have involved running a turntable at lower rotational speed
so that the calibrated test cartridge would stay within its tracking
ability [69]. Neither method worked well at higher audio frequen-
cies [68], even with sinusoidal signals, and would have had much
more problems with more complex musical ones. It is even harder
to imagine how the “dominant frequency” on a very short mu-
sical passage could be reliably evaluated with the technologies
available in the 1970s.
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simply, but the 105 cm/s value does not appear to be the
one to use in any further analyses.

8 AUDIBILITY OF TRACING DISTORTION

Some distortion results shown here are very high and
might look outright unbelievable to many readers with any
experience in vinyl. Still, the theory, simulations, and mea-
surement results all suggest the results are correct.

If that is the case, however, one cannot but wonder why
the reduced distortion was never mentioned as a reason for
a switch from vertical to horizontal cut in the early 20th
century. Or why there was no backlash when stereo discs
were introduced in the middle of that century, with their
considerable increase in the second harmonic distortion
relative to their mono predecessors.

Some of the early authors appeared to have been sur-
prised themselves by the sizeable distortion levels their
calculations gave. For instance, Lewis and Hunt [19] noted
that the discs, even in the 1940s, sounded better than what
their results for THD and IMD would suggest.

One argument made early, and occasionally mentioned
in the popular audio press, especially during the golden age
of Hi-Fi in the 1970s and 1980s, was that we do not perceive
these distortions badly because they are almost exclusively
in the second harmonic. Although it seems correct that the
second harmonic is the least bothersome to many listeners
(and some audiophiles like it enough to go the extra mile
to acquire amplifiers with nonlinearities that would add it
in abundance), it can definitely be audible.

Regarding the later stereo recordings, another argument
sometimes mentioned was that tracing error introduces the
predominant second harmonic distortion in the vertical
plane cut, i.e., in the (L-R) signal, and not in the hori-
zontal (L+R) one. Because we are hearing both channels
simultaneously in stereo, it suggested to some that the dis-
tortion would not be impacting the sum we hear, but mainly
the difference signal, which would in turn distort the stereo
picture only.

Another way to think of this argument is that most of
this distortion would disappear if we switched the amplifier
to the mono mode to reproduce (L+R) signal from both
channels, an option that existed on many amplifiers in the
1970s and 1980s. Cooper argued against this assertion in
the closely related case of the vertical tracking error in
1963 [70], but no subjective tests appear to have ever been
performed to verify either viewpoint.

It is probably not surprising that Jacobs and Wittman
wrote a full-length paper [71] in 1964 devoted exclusively
to this subject, titled “Psychoacoustics, the Determining
Factor in Stereo Disc Distortion.” Trying to explain why
discs do not sound nearly as bad as the distortion values
indicate, they first argued about several—always at least
to some extent controversial—points, like the listener’s ear
training, masking of the harmonics, and the importance of
distortion figures for stationary vs. transient waveforms.

More aptly, they reported that their critical listening tests
showed that it was impossible to distinguish between the
original master tapes and the signals picked up from the
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records made using the same tapes. The THD added in the
reproduction of the discs they used in these tests was mea-
sured at various levels between 2% and about 8%. However,
their version of this subjective A/B testing, without any re-
ported statistical results and no detailed description of the
test conditions, would probably not be accepted as reliable
by today’s standards.

Cooper, on the other hand, after showing that tracking
distortion can be viewed as phase modulation (PM) [23],
suggested this as a possible explanation for the better than
expected listening experience. Tracing distortion, a form of
PM, could thus be less bothersome because of our limited
sensitivity to phase inaccuracies.

The original hypothesis of G. Ohm (of the Ohm’s law
fame) that our hearing is based only on the power spectrum,
not on the relative phases of the spectral components, was
disproved long ago. Still, it turns out that the phase distor-
tions are, in the words of Lipshitz, Pocock, and Vanderkooy
[72], “generally inaudible.” (These authors also cite numer-
ous references on the subject, starting with Ohm’s original
paper.) This conclusion, however, was reached for the cases
when the overall phase characteristic is nonlinear, not when
the test signal is phase modulated.

As Cooper noted in 1963 [23], the papers that reported the
subjective testing results on the audibility of PM were few
and far between, and this seems to be the case to this day.
The situation is somewhat better in the case of frequency
modulation (FM), whose audibility has been studied more,
partly because of the wow and flutter. This refers to the fluc-
tuations of the turntable’s speed that create an unintentional
FM of the reproduced signals, as the vibrato on strings and
vocals does intentionally in music.

With sinusoidally modulated waveforms, the PM and
FM will be of the same form (hence the joint name an-
gular modulations), with the equivalent FM carrier peak
frequency deviation

Afe= fm (23)

where f is the modulation index for PM from Eq. (15), and
fm 1s the frequency of the modulating signal.

Again, at least for low indexes B, tracing distortion can be
viewed as a case of phase automodulation, where the carrier
frequency f, is equal to f,,, the modulating frequency (i.e.,
when the reproduced tone is at f.= 1 kHz, we would have
the modulating frequency f,,= 1 kHz).

Most of the published research on the audibility of FM
modulation so far dealt with modulating signals whose fre-
quencies f,, were in a much lower range, e.g., f,, < 64
Hz [73], with most of the other results limited to f,, < 10
Hz (see [74] and references therein). These results showed
that listeners are most sensitive to the modulations with f;,
in the 2-4-Hz range. The sensitivity falls quite quickly on
both sides, but there appears to be no curve proposed to
extend the results beyond these ranges.

It is tempting to use the filtering characteristics from the
standards for the weighted wow and flutter measurements
to estimate how much the higher modulating frequencies
would be attenuated, because the weighting filters are sup-
posed to correlate with our perceptual experience. In the
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most widely used standard for wow and flutter measure-
ments [75], the filter is centered at 4 Hz and then attenuates
at the 6 dB/octave rate. Hence, the weighted wow and flut-
ter filters attenuate components at 125 Hz by 20 dB, but it
is undefined above 200 Hz.

Extending this curve to, e.g., 1 kHz, however, seems
unjustified. The standard states explicitly that the method
is devised to measure frequency deviations up to 100 Hz
only and states that components above 100 Hz (dubbed
“scrape flutter”) can be heard as “a noise added to the
signal.” Whatever that is supposed to mean.

Another significant result from the tests related to wow
and flutter is that the “just noticeable” peak frequency devi-
ation, as judged by the listeners in controlled tests, tends to
vary with the frequency and the sound pressure value, but
is generally around 0.1% of the carrier frequency f, [76].
The inaudibility requirement would be

Af,

c

< 0.001. (24

This is the value that became the basis for the wow and
flutter requirements for professional and high-quality audio
equipment like turntables and tape recorders.

If similar results would extend to the larger modulating
frequencies f, in the audio range, then based on Eq. (24),
any tracing distortion with § > 0.001 would be audible since
in our case f. = f,,. Unfortunately, we saw that values of
B several orders of magnitude larger than this can occur
under normal LP reproduction. Based on the available test
results with low f,, frequencies and wow and flutter re-
quirements, it seems impossible to tell if and by how much
this f < 0.001 requirement might be relaxed by our higher
sensitivity thresholds at higher f;,, values.

Interestingly, the only results on phase distortions with
the f. = f,, condition that this author is aware of were
reported by Tollerton in 2009 [77] and included a digi-
tal simulation of the distortions due to horizontal or verti-
cal tracking errors. Even though Tollerton created portable
digital files with various music and test tones inputs under
varying levels of distortion, the listening tests in [77] were
performed with two subjects only. Unfortunately, the plans
to repeat these tests with a larger number of test subjects
and to extend them to the tracing distortion apparently never
materialized.

9 SUMMARY AND CONCLUSIONS

In this paper, we explained the tracing error mechanism
and provided a historical survey of the theoretical and exper-
imental results for the distortion it produces. Differences be-
tween vertical, horizontal/lateral, and stereo 45°/45° were
described, as well as the methods to alleviate tracing errors
that were considered throughout the years.

Unlike some older work, the paper also presents dis-
tortion results for LP records that are straightforward to
interpret. Many of these values will likely seem unbe-
lievable to most audiophiles and possibly to some audio
professionals—some of these analyses and results are so
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old that it often seems almost everybody has forgotten them
by now.

Based on the simulation results, one of the conclusions
of this paper is that the approximations from Egs. (10) and
(11), widely used in past analyses of this problem, can se-
riously overestimate the actual distortion. For any recorded
velocity larger than perhaps 10 cm/s, great caution should
be exercised in using them. Relatively straightforward nu-
merical methods described in SEC. 3 seem a safer bet and
might be a preferable approach to use nowadays.

Another conclusion of this paper is that we do not appear
to have a clear understanding of the audibility of the tracing
(and tracking) distortion. Several theories about why the
LPs sound much better than the tracing distortion results
suggest are touched upon, but it seems that none provide a
satisfactory explanation.

Papers providing historical surveys of the problems first
recognized 90 years ago are probably not expected to come
up with any significant recommendations for future work.
Still, it seems obvious to this author that much more work
is needed in subjective testing of the phase/frequency-
modulated signals with the modulating frequencies over
the whole audio range, not just in 0—10 Hz or 0-60 Hz.

Very precise digital audio files with various degrees of
distortion due to tracing and tracking errors can be easily
generated today. Proper tests can then be executed on large
enough sets of prequalified test subjects in labs equipped
for such work. The files to be evaluated can include mu-
sic and samples with test tones having different values of
tracing and tracking distortion and can come in mono and
stereo versions so that many audibility questions might be
answered.

If this and several recent papers on tracking distortion
generate enough interest among readers, another conclu-
sion would probably be that similar survey papers should
be prepared on the other sources of imperfections in vinyl
LP replay. Prime candidates are distortions due to vinyl
deformation, vertical tracking error, and anti-skating prob-
lems.

Another survey article that many readers might find in-
teresting could deal with IMD in general, and IMD due
to tracking and tracing errors in particular—many audio
specialists seem to have forgotten the intricacies of these
tests. In the case of tracing and tracking errors, the IMD
might be of particular interest because the distortion levels
involved are much higher than the IMD levels produced by
amplifiers with similar levels of harmonic distortion.

Yet another question worth looking at would probably be
vinyl noise. The energy (and sometimes the vitriol) involved
in addressing the dynamic range of LPs vs. digital on the
internet seems inversely proportional to the availability of
reliable measurements, the last of which appeared more
than 50 years ago.

An exciting option to consider now would be to try to fig-
ure out how to remove tracing distortion not on the record-
ing but on the replay side. Present technologies might allow
us to achieve this by performing an inverse of the “skew”
transformation. If this can be accomplished, there should
be no problem using the radius of the stylus as a parameter
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in the calculations that such systems are to perform, so that
the cancelation algorithm can be tailored to the owner’s
actual cartridge used in the replay.

One of the reviewers pointed out that a solution along
these lines has already been implemented in software by
“Pspatial Audio,” but the available documentation ([82],
pp- 357-358) does not describe the details of their “deskew”
algorithm.
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APPENDIX A.1 ANALYSES OF TRACING
DISTORTION

Most tracing distortion analyses in the past did not follow
the method described in SEC. 1. Instead, one approach was
to use parametric equations for the movement of the center
of the spherical stylus, which worked well for numerical
evaluations [6, 43].

In [19] and [20], a more general approach was adopted,
wherein the stylus did not have to be of circular cross-
section. If we let ¢(¢) denote the shape of the cross-section
of the stylus, as in SEC. 3, only ¢$(0) = 0 and ¢'(0) = 0 are
required. Because ¢(¢) does not necessarily have a center
as a spherical cross-section, the stylus tip bottom can be
used as a reference point for calculations.

Instead of parametric equations, Lewis and Hunt in [19]
envisioned a coordinate system (X, Y) traveling along the
groove at the groove speed V (from Eq. (1), V = RQ), as
depicted in Fig. Al. Keeping largely their original notation,
one can write the recorded waveform as

Y = AU(X + Vi), (A1)

where {r(-) is the waveform normalized to unity. Based on
Fig. Al, at some instant t when X = 0, the displacement
of the tip’s bottom point, denoted by S(#), will be given by

SH =AU+ VD) — ¢). (A.2)

The tangentiality requirement at the point of contact is

AV (4 VD)= ¢ (5). (A3)
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Fig. A1 Stylus-groove contact geometry [19].

Expanding both sides of Eq. (A.3) into a Taylor series
gives

1 A > . A
Z l_‘ ¢(z+l)(o) d=A Z 7 llf('H—l)(Vt) g, (Ad)
i=0

j=0

Because the contact point distance ¢ will depend on the
amplitude A (¢ = 0if A = 0, and would increase when
A increases), it makes sense to expand it in the power series
in terms of the amplitude A as

oo
€= E Ay Ak.
k=0

In [20], Corrington used Eq. (A.5) to calculate the first
terms of the expressions for ¢ fori = 1....,7, substituted
these values into Eq. (A.4), and evaluated the coefficients
associated with A, A%, ... A7 on both sides. By equat-
ing these coefficients, he was able to get 7 equations for
the coefficients a; to a7 in terms of the amplitude A and
derivatives ¢’(0) and /)(V'¢), which in turn gave him the
expressions for the & to ¢’ in terms of these same variables.

Expanding (A.2) into the series similarly results in

(A.5)

¢ (1) (n)
S =3 — (A" VD — 6" ©), (A.6)
n=0
which is a polynomial in A that can be written as
o0
S(@t) = me A", (A7)
m=1

Corrington then derived formulas for the coefficients b
to by in terms of the derivatives of ¢(0) and {(Vt), which
will not be reproduced here because the first four required
almost a full page (but can be found in [20, p. 244]).

Assume the case of a cosine modulation

U (V1) = cos (kx) . (A.8)
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The derivatives of Eq. (A.8) can be easily calculated, and
so can the derivatives of ¢(e) for a spherical tip

b)) =p—Vp>—¢,

ate = 0 (e.g, $00) = 0,$(0) =0, 0P0) = 1/p,
etc.).

As the final step, the powers of the cosine and sine func-
tions from the ¢ (x) terms had to be expressed in terms
of multiple angles [78], and the coefficients A}, A;, As...
associated with each sine or cosine component at kx, 2kx,
3kx. .. identified.

All odd-order harmonics will be at phase zero, while
the even-order ones will be at £ /2. This is because the
odd derivatives of cos(kx) take the form +k” sin(kx), and
the powers of sines can be expressed only in the sines of
multiple angles (and analogously for cosines [79]). Thus

(A.9)

Your (x) = Ao + Aj cos (kx) + A, sin (2kx) +

+ Az cos (3kx) + Ay sin (dkx). .. (A.10)

The truncated versions of the formulas for the first three
harmonics A;, A, and A3 are given in Egs. (12) to (14) in
SEC. 3.

The complete set of Corrington’s results for the first
seven harmonics required 4 pages [20, pp. 245-247] and
will not be reproduced here. But even more impressive were
his formulas for the intermodulation distortion (IMD) with
two tones present for the lateral recording, which required
3 pages for the first four intermodulation products. IMD
is beyond the scope of the present paper, but one cannot
but admire the tenacity and mathematical prowess of these
early researchers. Evaluating these formulas would be very
time-consuming even nowadays, using modern software
tools for symbolic algebra computations.

Besides a paper [43] that used the numerical evalua-
tion of distortion on a computer for the stereo record case,
nothing was published on tracing distortion until 1963. As
mentioned earlier, the most prolific author on this subject
was D. Cooper. He first tried to show that both tracing and
tracking distortion could be viewed as a so-called skew
transformation®® [25]. Instead of focusing on the spherical
tip, Cooper assumed a general form of the transformation
in the tracing case to be

E=x+G(Y) (A.11)

n=y, (A.12)
where G(-) is the “inverse of ¢/(-),” a derivative of the
stylus shape cross-section shape function ¢(-). In the case
of a spherical tip, he expressed it as

!

Yy

G = (A.13)

A skew transformation relates the coordinates in a standard
coordinate system with the coordinates in a skewed one, where the
vertical axis is at an angle other than 90° relative to the horizontal
one.

J. Audio Eng. Soc., Vol. 71, No. 10, 2023 October



REVIEW PAPERS

but then chose to use a parabolic stylus tip*® with a curvature
at the nominal contact point of p, i.e.

&2

de) =, (A.14)
2p

which gave him a much simpler expression for§ — x (= ¢

in our notation) in Eq. (A.11). In the case of the recorded

tone

y(x) = Acos (kx) (A.15)
it reduces to
e = —pkAsin[k(x +¢)]. (A.16)

Cooper then proceeded to insert Eq. (A.16) repeatedly
into a n = y version of Eq. (A.12) to obtain what he
called the “continued function” (inspired by the “continued
fraction”). In our notation from SEC. 1, it would be

Your (x) = A cos {kx — kpk A sin [kx — kpkA sin(...))]}.
(A.17)

If kpk A was small, he then argued that Eq. (A.17) can be
approximated by

Your (x) = A cos {kx — kpk A sin (kx)} . (A.18)

Eq. (A.18) is a canonical expression for the phase-
modulated waveform, with a modulation index kpkA = .

At this point, Cooper seems to have been the first to note
that tracing distortion is essentially a phase modulation
process. One can argue that this conclusion was obvious:
from Fig. 2, we see that the waveform traced by the stylus
goes through all the same amplitudes as the original, just
at the slightly wrong instances in time. Still, it was never
stated explicitly before.

A complete spectral analysis of Eq. (A.18) could have
been done here in terms of Bessel’s functions, but Cooper—
usually not shy to introduce very complex math in his
papers—opted to consider only the second harmonic. It
corresponds to the first principal component on the sum of
the carrier and modulating frequencies (equal here).

For small modulation indexes (kpk A in this case), from
the theory of FM [80], it is well known that the relative
amplitude of that component would equal half of the mod-
ulation index itself. In the notation from SEC. 3, the second
harmonic distortion factor would be

D, = %kAkp, (A.19)

which is twice what the previous analyses [19, 20] gave.’!

3Cooper stated that the assumption about the spherical tip
“invokes complications of no theoretical interest” and is “un-
warranted,” without providing any practical justification for the
parabolic one. As long as tracing errors and distortion are small,
however, all shapes with the same radius of curvature at the end
of the tip will give very similar results.

31In [25, p.144], Cooper argued that “the extra factor 1/2 appears
for tracing distortion, upon converting to the amplitude mode,
because of the reduced sensitivity to the second harmonic that
such a mode conversion entails.” However, this whole analysis
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Fig. B.1 Cutter positions in a neutral (no input signal) state and
with intended displacements of L and R in the left and right
channel.

APPENDIX B.1 HORIZONTAL AND 45°/45° CUT

In the 45°/45° cut, each side of the groove is indented
in proportion to the left and right channel signals. If the
intended displacements are denoted by L and R, the cross-
cut of the disc will look as shown in Fig. BI.

To calculate the resultant displacements H and V in the
horizontal and vertical directions, from Fig. B1, we see that

T an®) (B.1)
— = tan .
1%

L

z= tan (1 /4 — 6) (B.2)
From Fig. B1, it is also evident that

L>+ R>=H>+V? (B.3)

By using the addition formula for tangents [78, p. 72]

T 1 — tan (0)
an (3 -0) = (B.4)
4 1 + tan (0)
from Eqgs. (B.3) and (B.1)
L 1 —tan (0 V—-H
L_1-n® . (B.5)
R 1+tan(®) V4+H
Solving Eq. (B.5) for V then gives
L+R
V = HL, (B.6)
R—L

was done for the displacement mode, not the velocity mode, and
he did not include this factor in any of the tracking distortion
calculations performed in parallel. This author believes that the
problem was in Cooper’s equation given as Eq. (A.18) here, which
approximates the displacement at the movable point of contact, not
at the fixed point on the stylus (like the center of the spherical tip,
or the bottom of the more complex shapes). This can be verified
by comparing Eq. (6) with Eq. (A.18), the latter of which misses
the second term. In his later work, Cooper used the fixed point on
the stylus as the reference [27].
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By inserting this into Eq. (B.3), the horizontal/lateral
component of the resultant displacement is

n=R-L (B.7)
=75 )
and from Eq. (B.6) we find the vertical one as
R+L
= —, (B.8)
V2

This seems to contradict the statement from SEC. 4 that, to
preserve the backward compatibility on mono reproducers,
the horizontal displacement has to be proportional to the
sum of the left and right channel signals. However, the
intended displacement can be made if one channel operates
in the opposite direction (e.g., decrease it from the nominal
position when the signal is positive and increase it when it
is negative, while doing the opposite in the other channel).
In practice, this can be accomplished simply by reversing
the polarity of the two stereo signals at the cutter’s coils.
This is the arrangement that was actually already shown in
Fig. 9. Assuming that the right channel was inverted, we
would then have

R= —K-sg®) (B.9)

L = K-sp(t). (B.10)

InEgs. (B.9)and (B.10), K is the proportionality constant
dependent on the cutter, while sg(¢) and s (¢) stand for the
right and left stereo input signals, respectively. In such a
case, the lateral displacement will be

_ Klsr(®)+ s ®)]
\/E )

and the vertical displacement will be proportional to the
difference between the right and left channel signals.

With this in mind, we can now explain the lack of even
harmonics in the lateral cut mentioned in SEC. 4. Following
the classic analysis by Lewis and Hunt [19], assume a cosine
recorded signal

H (B.11)

sy (kx) = A cos (kx). (B.11)

Looking at the left groove perpendicularly from the right
at the 45° elevation angle, we see that the stylus will behave
as if the cut was vertical. If the point of contact with the
left groove is marked with L, the stylus would thus follow
a poid curve in the LL’ direction. Based on the analysis in
APPENDIX A, that trajectory can be described as

Sy (kx) = Ag + Aj cos (kx) + Aj sin (2kx) +
+ Az cos Bkx) + Ay sin (dkx) + ..., (B.12)
where the coefficients A4; are obtained from Egs. (12) to
(14) for the amplitudes of the harmonics.

The center of the stylus C in Fig. B2 will be at a distance
p + Sp(kx) from the left groove plane defined by
y+z = 0. (B.13)
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Fig. B.2 Geometry of the laterally cut groove.

The distance D between this plane and any point with
the coordinates (v, zo) is [81]

Yo + 20
V2

Letting the coordinates of point C be (Y, Z), we obtain

=D.

(B.13)

Y+Z=+2[p+ S.(kx)]. (B.14)

Analogously, on the other wall of the groove with the
mono lateral recording, from (B.9)

sg (kx) = —A cos (kx), (B.15)

but to calculate the harmonic amplitudes, we will now have
to set the amplitude to —A in Egs. (12) to (14). Because
the odd harmonics in them contain only odd, and the even
harmonics only even powers of A, the expression will look
like the one in Eq. (B.12) but with the odd harmonics having
negative signs, i.e.,

Sg (kx) = Ay — A; cos (kx) + A, sin (2kx) +
— Ajcos (Bkx) + Ay sin (dkx) + ... (B.16)

The right groove plane can be defined analogously by

y—z =0, B.17)
and following the same logic
Y—Z = V2 [p+ Sk(kx)]. (B.18)

Solving for Z from Eqs. (B.14) and (B.18)

2
7 = \/7_ [SL (kx) — Sk (kx)],

and from Egs. (B.12) and (B.16)

7 = \/75 { Ajcos (kx) + Az cos Bkx)+...}. (B.19)

The vertical position of center C will similarly be
V2
Y = V20 + - 1Sy (kx) + Sg (k)]
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and finally

2
Y =v2p+ % {Ap + A, sin (2kx) +

+ Ay sin (4kx) + .. .}. (B.20)

TRACING DISTORTION ON VINYL LPS

From Eq. (B.19), the laterally cut records will have no
even-order harmonic distortion components in the horizon-
tal plane. In contrast, in the vertical plane, the stylus motion
with the lateral cut would only have even harmonics, with

the first being at twice the fundamental frequency.
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