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Fundamental aspects of a method for virtual navigation of a sound field within an array of
ambisonics microphones, wherein the subset of microphones to be used for interpolation is
determined parametrically, are presented. An existing, weighted-average–based navigational
method serves as a benchmark due to its simplicity and its applicability to arbitrary sound
fields but introduces comb-filtering and, for near-field sources, degrades localization. A critical
review of existing methods is presented, through which a number of issues are identified. In
the proposed method, those microphones that are nearer to the desired listening position
than to any source are determined based on the known or inferred positions of sources. The
signals from only those microphones are then interpolated using a regularized least-squares
matrix of filters. Spectral distortions and source localization errors are characterized for the
benchmark and proposed methods via numerical simulations of a two-microphone array, and
an experimental validation of these simulations is presented. Results show that, for near-field
sources, the proposed method significantly outperforms the benchmark in both spectral and
localization accuracy due to the exclusion of the second microphone. For far-field sources, the
proposed method achieves slightly decreased spectral distortions due to the flattened response
of the interpolation filters.

0 INTRODUCTION

Virtual navigation of 3D ambisonics-encoded sound
fields (i.e., sound fields that have been decomposed into
spherical harmonics) enables a listener to explore (with 6
degrees of freedom, i.e., translation and rotation) an acous-
tic space and, ideally, experience a spatially and tonally
accurate perception of the sound field. Applications of
this type of virtual navigation may be found in virtual-
reality (VR) reproductions of real-world spaces. For ex-
ample, given an acoustic recording of an orchestral perfor-
mance, a listener can virtually navigate that recording in
order to experience that performance from different van-
tage points. Another application of virtual navigation can
be found in VR games, in which synthetic spatial room im-
pulse responses (RIRs) are used to produce spatial audio.
Calculating these spatial RIRs on the fly can be compu-

∗
This article presents a revised formulation and comprehensive

characterization of the method originally presented at the 2016
AES International Conference on Audio for Virtual and Aug-
mented Reality in Los Angeles, California, on September 30th,
2016.

tationally intensive, so it may be preferable to prerender
spatial RIRs on a fixed grid of points and then, during play-
back, navigate between them to generate spatial RIRs at
intermediate positions.

A well-known limitation of the higher-order ambison-
ics (HOA) framework is that a finite-order expansion of a
sound field yields only an approximation to that sound field,
the accuracy of which decreases with increasing frequency
and distance from the expansion center [1]. In particular,
a well-established rule of thumb states that a sound field
is accurately represented by an Lth-order expansion up to
a distance r provided that kr � L, where k is the angu-
lar wavenumber [2]. Consequently, the navigable region
of such a sound field is inherently restricted. Indeed, ex-
isting techniques for sound field navigation using a single
HOA microphone1 have been shown to introduce spectral

1 Here, we use the term “HOA microphone” to refer to any
array of microphone capsules (typically arranged on the surface of
a sphere or tetrahedron) that is used to obtain ambisonics signals
via a transformation of the raw microphone signals.
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distortions [3, 4] and degrade localization [5, 6] as the lis-
tener navigates farther away from the expansion center.2

Furthermore, according to theory, the HOA expansion
provides a mathematically valid description of the sound
field only in the free field, thereby effectively creating a
spherical region of validity (also known as the region of
convergence), which is centered on the recording micro-
phone and extends up to the nearest sound source (or scat-
tering body) [8, Sec. 6.8]. Consequently, near-field sources
may pose a significantly limiting problem to navigation,
although the particular degradations in sound quality (e.g.,
in terms of spatial or tonal fidelity) that might result from
violating this region of validity restriction are unclear.

In an effort to overcome these challenges, several previ-
ous studies have developed navigational methods that em-
ploy an array of HOA microphones distributed throughout
the sound field (or, equivalently, encode a synthetic sound
field into HOA at multiple discrete positions). In the follow-
ing section, we provide a critical review of these existing
methods and identify the main challenges they face.

0.1 Critical Review of Previous Work
Existing navigational methods may be categorized based

on the type of processing employed. For the present discus-
sion, we define the following three types of methods:

• Linear: The processing to be applied to the input
signals is determined solely based on the geomet-
ric arrangement of the recording microphones and
the desired listener position. Furthermore, the op-
erations applied to the signals comprise only linear
filtering operations (e.g., scalar gains, summing, de-
lays, etc.).

• Nonlinear: The construction is similar to linear
methods, except the operations applied to the mi-
crophone signals cannot be represented as linear fil-
tering operations.

• Parametric: The specific processing (either linear or
nonlinear) to be applied to the microphone signals
is dependent on (i.e., parameterized by) some ad-
ditional information about the recorded sound field
(e.g., source positions), which may be supplied as
an additional input or derived from the microphone
signals.

In the following sections, we review existing methods of
each of these types.

0.1.1 Linear Methods
For all linear methods, since the rendered signals are, by

definition, given by linear combinations of the measured
signals, such methods are prone to violating the region of
validity restriction mentioned above if those microphones

2 Similar results were found by Walther and Faller [7], al-
though their aim was not to navigate the sound field but instead to
simulate a spaced-microphone recording using a single first-order
ambisonics microphone.

that are nearer to a source than to the desired listening posi-
tion are included in the calculation. As we will show in the
present article, such a violation can lead to a degradation of
the estimated sound field at the listening position. However,
an advantage of linear methods is that they are widely appli-
cable, in that they do not require any additional information
about the sound field other than the measured signals, nor
do they require any assumptions to be made regarding the
types of incident signals or the spatial characteristics of the
sound field.

Perhaps the simplest interpolation-based navigational
method is to compute a weighted average of the ambison-
ics signals from each microphone, where the interpolation
weights are related to the distances from the listener to each
microphone. This approach has been implemented by Mari-
ette and Katz [9] using virtual first-order ambisonics (FOA)
microphones spaced 20 m apart and arranged in both lin-
ear (two microphones) and triangular (three microphones)
configurations. Similarly, Southern et al. [10] employed this
method in order to interpolate ambisonics RIRs to enable
real-time navigable auralizations of acoustic spaces.

One fundamental limitation of this method is that it nec-
essarily confines the listener to the region interior to the
microphone array, since it is purely an interpolation method
with no means of extrapolation. Furthermore, objective and
perceptual investigations have shown that this method suf-
fers from significant localization errors, in particular when
the source distance (from the center of the microphone
array) is small compared to the microphone spacing [9,
11] (here, we refer to this condition as having an “inte-
rior source”). This effect is consistent with findings from a
previous study of ours [12, Fig. 6]. In that study, we also
showed that if a sound source is nearer to one microphone
than to another, this method will necessarily induce comb-
filtering (as it produces at least two copies of that source’s
signal, separated by a finite time delay) [12, Fig. 4(a)]. In
Sec. 2 below, we revise and expand these analyses.

Recently, Patricio et al. [13] proposed a modified linear
interpolation method in which the directional components
of the microphone nearest to the listener are emphasized
over those of the farther microphones. The method also
employs a low-pass filter on each microphone’s signals
to mimic the atmospheric absorption of high frequencies.
Fundamentally, this method is subject to the same issues
and limitations as the weighted average method, since it
is essentially the same calculation but with a particular
(order and frequency-dependent) prescription for the inter-
polation weights. Nevertheless, the authors experimentally
demonstrated that the proposed distance-biasing approach
achieves plausible source localization and perception of
listener movement.

Fernandez-Grande [14] proposed an equivalent-source
method for representing and reconstructing a measured
sound field. In this method, the sound field is captured
with one or more HOA microphones and subsequently fit-
ted, in a least-squares sense, to that sound field created
by a predefined grid of virtual monopole sources. This
yields a virtual sound field consisting of a finite set of
known monopole sources, which can then be rendered at an
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arbitrary position elsewhere in the space, such that the lis-
tener is not confined to a strictly interior region. However,
without a priori knowledge of the real sound source posi-
tions, the performance of the method may degrade. Con-
sequently, in order to better accommodate arbitrary source
positions, this method might be improved by a parametric
implementation that incorporates some basic source local-
ization algorithm to estimate source positions directly from
the HOA signals.

Samarasinghe et al. [15] developed a regularized least-
squares inverse interpolation approach based on spherical
harmonic translation coefficients using an array of HOA mi-
crophones. Several subsequent studies have demonstrated
or improved upon this method [16–18]. In particular, Ueno
et al. [19] developed a similar method that takes a Bayesian
inference approach, which was shown to achieve improved
performance (in terms of reconstruction errors) at high fre-
quencies.

In a previous publication, we implemented a similar ma-
trix of regularized least-squares interpolation filters [12,
Sec. 3.2] and showed that neglecting to account for the re-
gion of validity for each microphone can lead to significant
localization errors [12, Fig. 8(b)]. Additionally, a quali-
tative analysis of spectral distortions suggested that these
methods may induce significant spectral coloration (i.e.,
the perception of those distortions) at high frequencies [12,
Fig. 4(b)]. It was also shown that, at large microphone
spacings (compared to source distance), this method suf-
fers from significant localization errors [12, Fig. 6]. At the
time of publication, the objective localization model used
to quantify localization errors had not yet been subjectively
validated, but we have since refined and validated it (albeit
over a limited range of conditions) [20].

More recently, Wang and Chen [21] proposed a modifica-
tion to this inverse interpolation method in which the spher-
ical harmonic translation coefficients are approximated via
a finite-term discrete plane-wave decomposition. In that
study, the authors showed that their method tends to im-
prove the stability of the matrix inversion compared to
using the traditional spherical harmonic translation coeffi-
cients [21, Sec. IV]. Fundamentally, this method is subject
to the same issues and limitations as the original method of
Samarasinghe et al. [15], although its performance has not
been evaluated in terms of localization and coloration.

0.1.2 Nonlinear Methods
In the context of HOA RIR interpolation, spectral distor-

tions and localization errors may be mitigated by taking a
dynamic time warping approach, similar to that proposed
by Masterson et al. [22]. Although this approach has not
been implemented to interpolate HOA RIRs specifically, a
previous study by the same authors has suggested incorpo-
rating arbitrary microphone directivity [23], which would
enable extending this method to HOA.3 One limitation of

3 More recently, Garcia-Gomez and Lopez [24] extended
this method to interpolate binaural RIRs. For additional recent
progress on the subject of binaural RIR interpolation, the inter-

this method is that it requires knowledge not only of the mi-
crophone positions, but also of the source position, which,
for an arbitrary sound field, would not be known a priori.
Additionally, by its nature, this method can only be applied
to RIRs and is therefore unsuitable for interpolating sound
fields consisting of arbitrary signals.

Emura [26] recently proposed a more general method
which combines the measured signals from two HOA mi-
crophones in order to estimate coefficients for a single
global plane-wave decomposition of the sound field. In
this method, a so-called “dictionary” matrix is precom-
puted for a high-resolution grid of plane-waves incident
on the microphones, and the plane-wave signals that best
explain the measured pressures on the microphones are de-
termined by minimizing the �1 norm of an error signal [26,
see Eq. (20)]. This calculation, based on compressed sens-
ing techniques (which have been reviewed by Epain et al.
[27] in the context of spatial sound field analysis and synthe-
sis), is consequently nonlinear with respect to the measured
signals. (If a least-squares, i.e., �2-norm minimization ap-
proach, were taken, this method could then be implemented
linearly.) An evaluation of this method presented by the au-
thors shows that the performance of the method (in terms
of low-frequency rms errors) is improved in the vicinity of
the second microphone compared to if only a single mi-
crophone is used. However, due to the plane-wave–based
nature of the proposed method, it can be expected that near-
field and interior sources will be problematic.

0.1.3 Parametric Methods
Recently, Bates et al. [28] developed a perceptually mo-

tivated method for sound field navigation using a 50-cm ×
50-cm square arrangement of four FOA microphones.4 In
this method, each ambisonics microphone is used to create
a virtual directional microphone, the placement and direc-
tivity of which are varied as a function of listener position
and are parameterized based on the source positions (which
therefore must be known a priori). The signals from these
virtual directional microphones are then encoded into a sin-
gle HOA stream. Based on its published formulation, this
method appears well suited for applications with a small,
predefined navigable region but would be difficult to extend
to cover a larger region. Additionally, in an objective analy-
sis of perceived source distance and direction, this method
achieved promising performance when navigating towards
the source but yielded significant directional errors and di-
minished distance performance when navigating away [28,
Sec. 3].

Other parametric methods have been developed which
rely on a time-frequency (i.e., short-time Fourier transform)

ested reader is referred to the work of Brandenburg et al. [25] and
references therein.

4 This work extends the so-called “perspective control micro-
phone array” method, which creates the perception of navigation
by varying the mixing of the signals from 5 coincident pairs of mi-
crophones (cardioid and hypercardioid), spaced ∼2 m apart [29,
30].
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analysis of the sound field using two (or more) FOA mi-
crophones. One such method is known as “collaborative
blind source separation” [31, Sec. 3.3], in which discrete
sound sources are first identified, localized, and isolated
and are subsequently treated as virtual sources, which may
be artificially moved relative to the listener to emulate nav-
igation. Similarly, Thiergart et al. [32] developed a method
of sound field navigation in which the sound field is decom-
posed into diffuse sound components and multiple discrete
sources, which are triangulated in the time-frequency do-
main via acoustic intensity vector calculations (cf. Merimaa
and Pulkki [33, Eq. (11)]) from each microphone. The sig-
nals from these virtual sources are then “re-recorded” by a
virtual microphone at an arbitrary position and with arbi-
trary directivity.5 Taking a similar approach, Schörkhuber
et al. [34] developed for sound field analysis a wireless sys-
tem consisting of an array of FOA microphones, which the
authors showed to be able to accurately localize multiple
sources [34, 35].

While clearly promising, these methods are only ideal
for sound fields consisting of a finite number of discrete
sources that can be easily separated (i.e., sources that are
far enough apart or not emitting sound simultaneously) [32,
Sec. II]. An advantage of these methods is that, using the
virtual model of the captured sound field, the listener is
free to navigate anywhere in 3D space rather than being
confined to the region interior to the microphone array.
However, even in ideal situations, such parametric process-
ing methods employed in the time-frequency domain often
result in a minor degradation of sound quality [31, Sec. 5.3].
Furthermore, it is unclear if these methods can accurately
capture and reproduce the directivities of the real sources,
as this issue has not been addressed in the literature. In-
deed, both Zheng [31] and Thiergart et al. [32] exclusively
use omnidirectional point sources to model the sound field.
We speculate, however, that for the method of Thiergart et
al. [32], perhaps source directivity information can be im-
plicitly contained in the modeled sound field by the spatial
distribution of the virtual point sources.

Recently, Wakayama et al. [36] proposed an extrapo-
lation method (i.e., a navigational method using a single
HOA microphone) based on spherical-harmonic transla-
tion filters, which was shown to enable navigation beyond
a near-field source and to estimate its directivity using a
multipole expansion but requires a priori knowledge of
the source’s position. It is not clear, however, whether or
how this method can be extended to accommodate multiple
sources.

In our previous publication, we presented a parametric
method of excluding any microphones that are nearer to any
sound source than to the desired listening position, which
also requires either a priori knowledge of or a means of
estimating the positions of any near-field sources [12, Sec.
3.3]. However, this method ensures that all microphones
used in the calculation provide valid descriptions of the

5 Although not specifically addressed by the authors, the gen-
eralization of the method to a virtual HOA microphone appears
straightforward.

sound field at the listening position, and the ambisonics
signals from those “valid” microphones are then combined
using a matrix of regularized least-squares interpolation
filters in order to obtain an estimate of the sound field at the
listening position [12, Sec. 3.2]. The spectral distortions
and localization errors induced by this method, however,
have not been fully characterized.

0.2 Objectives and Approach
In light of the above discussion, we identify the following

main issues that existing navigational methods can face:

1. the method restricts navigation to a finite region (e.g.,
a strictly interior region, the horizontal plane, etc.),

2. the method violates the region of validity restriction,
3. the method degrades localization information,
4. the method introduces spectral coloration or other

audible processing artifacts,
5. the method requires additional geometric informa-

tion about the sound field (e.g., source locations),
6. the method cannot accommodate arbitrary signals,
7. the method cannot accommodate arbitrary (e.g.,

dense or reverberant) sound fields,
8. the method cannot reproduce source directivities,

and/or
9. the method cannot reproduce moving sources.

The issues suffered by and addressed by each method
discussed in the previous section are summarized in
Table 1.

In this work, we take the weighted average method as a
benchmark as it is both simple to implement and broadly
applicable to arbitrary sound fields consisting of arbitrary
signals and with an arbitrary placement of sources (i.e.,
this method does not suffer from issues 5, 6, or 7). A fun-
damental aspect of our proposed navigational method is
the parametric exclusion of microphones, which ensures
that we do not violate the region of validity restriction for
any microphone (issue 2) but requires some means of ob-
taining information about the distances of sources to each
microphone (issue 5). We aim to demonstrate the benefits
of our method over the benchmark in terms of improve-
ments in spectral and localization accuracy (issues 3 and
4). Potentially, our method might also enable navigation
beyond the strict interpolation-only navigable region (issue
1), whereas the benchmark method cannot, but here we only
evaluate these methods in this region. Both methods may
also preserve source directivity or moving-source informa-
tion (issues 8 and 9), but we do not explore these issues
here.

The objectives of the present work are as follows: 1)
to demonstrate the fundamental problems inherent to the
weighted average method, 2) to revise our previously pro-
posed parametric navigational method in order to mitigate
its induced spectral coloration, 3) to establish fundamental
aspects of the proposed method and provide an experi-
mentally validated proof-of-concept demonstration of its
advantages over the weighted average method, and 4) to
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Table 1. Summary of published interpolation methods and the corresponding issues (numbers refer to the list given in Sec. 0.2)
suffered by or addressed by each method. Issues for which each method has yet to be tested are omitted from this table; issues

marked with an asterisk (*) indicate subjects demonstrated in the present article.

Method Processing Suffers Addresses

Weighted-average interpolation (Sec. 1.2) [10, 9] Linear 1,2,3*,4* 5,6,7
Distance-biased linear interpolation [13] Linear 1,2 3,5,6,7
Spherical equivalent source method [14] Linear 2,5 1,6,7
Regularized inverse interpolation (Sec. 3.2) [15, 12, 19] Linear 2,3,4 1,5,6,7
Inverse ambisonics translation via plane-waves [21] Linear 2 1,5,6,7
Dynamic time warping room impulse response (RIR) interpolation [22, 23] Nonlinear 1,5,6,7 3,4
Sparse plane-wave estimation and translation [26] Nonlinear 7 1,5,6
Perspective control ambisonics microphone array [28] Parametric 1,3,5 6
Collaborative blind-source separation [31] Parametric 4,6,7,8 1,2,3,5
Time-frequency analysis and modeling [32] Parametric 4,6,7 1,2,3,5
Singular ambisonics translation (extrapolation) [36] Parametric 5,7 1,2,6,8
Proposed: valid-only interpolation (Sec. 3.1) [12] Parametric 5 2,3*,4*

characterize and compare the performances of both meth-
ods.

To these ends, in Sec. 1, we formulate the general prob-
lem of virtual navigation of ambisonics and review the
weighted average interpolation method. We then evaluate,
in Sec. 2, the fundamental problems (spectral distortions
due to comb-filtering and localization errors due to the
precedence effect) inherent to this method through numer-
ical analyses of frequency response and perceived local-
ization. In Sec. 3, we describe our parametric navigational
method and the regularized least-squares interpolation fil-
ters. We then describe, in Sec. 4, numerical simulations
of simple incident sound fields (consisting of two micro-
phones and a single source), which we conduct in order
to characterize and compare the performance, in terms of
objective metrics for perceived spectral coloration and lo-
calization, of each of the two methods. We then present, in
Sec. 6, an experimental validation of the numerical simu-
lations through a comparison with physical measurements
of spectral distortions and source localization, taken over
a subset of the simulated conditions. Finally, in Sec. 7, we
summarize our findings and conclude.

1 VIRTUAL NAVIGATION OF AMBISONICS

As is common in higher-order ambisonics, we adopt
Cartesian and spherical coordinate systems in which, for
a listener positioned at the origin, the +x-axis points for-
ward, the +y-axis points to the left, and the +z-axis points
upward. Correspondingly, r is the (non-negative) radial dis-
tance from the origin, θ∈ [ −π/2, π/2] is the elevation angle
above the horizontal (x–y) plane, and φ ∈ [0, 2π) is the az-
imuthal angle around the vertical (z) axis, with (θ, φ) =
(0, 0) corresponding to the +x direction and (0, π/2) to the
+y direction. For a position vector �r = (x, y, z), we denote
unit vectors by r̂ ≡ �r/r .

1.1 Problem Formulation
Consider an array of P HOA microphones, where the pth

microphone is located at �u p for p ∈ [1, P]. For microphones
of order Lin, each microphone “captures” Nin = (Lin + 1)2

ambisonics signals (computed from the raw microphone

capsule signals), which we represent with a vector, bp.
(See Appendix A for a review of the relevant ambisonics
conventions and theory.) In general, techniques for virtual
navigation of ambisonics aim to approximate, up to order
Lout and with Nout = (Lout + 1)2 terms, the exact ambisonics
signals, a, of the sound field at a listening position �r0.

1.2 Weighted Average Interpolation
In the navigation method proposed by Mariette and Katz

[9] and Southern et al. [10] (which we take to be a bench-
mark), a weighted sum of the captured ambisonics signals
is computed to obtain an estimate of the ambisonics signals
at the listening position, given by

ã =
P∑

p=1

wpbp. (1)

Here, we normalize the weights such that

P∑
p=1

wp = 1. (2)

Note that as the sum in Eq. (1) is computed term by term,
we must have an output order Lout � Lin, where the in-
equality arises if one chooses to discard higher-order terms
captured by the microphones. Depending on the placement
of the microphones, the weights wp may be computed using
standard linear or bilinear schemes, for example.

2 FUNDAMENTAL PROBLEMS

In this section, we evaluate two fundamental problems
inherent to the weighted average interpolation method: 1)
comb-filtering introduced by summing two very similar
signals separated by a time delay and 2) localization errors
due to the precedence effect.

2.1 Array Geometry
Consider a linear microphone array geometry, illustrated

in Fig. 1, in which a pair of microphones (P = 2) are sepa-
rated by a distance �, equidistant from the origin and placed
along the lateral y-axis, such that their positions are given
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Fig. 1. Diagram of a two-microphone array (empty circles) with
a single source (filled circle). The shaded gray disk indicates the
interior region, where r < �/2. (Note that this region is actually
spherical, but here we only consider the horizontal plane.) The
jagged line segment indicates the navigable region, where y ∈
[ − �/2, �/2] and x = z = 0.

by �u1 = (0,�/2, 0) and �u2 = (0,−�/2, 0). In this config-
uration, we define the navigable region as the segment of
the y-axis connecting the two microphone positions, i.e., all
listener positions �r0 = (0, y0, 0) where y0 ∈ [ − �/2, �/2].
In this configuration, linear interpolation weights for Eq.
(1) are given by w1 = 0.5 + y0/� and w2 = 0.5 − y0/� for
y0 ∈ [ − �/2, �/2].

A single point source is placed on the horizontal plane
at �s0 = (s0 cos ϕ0, s0 sin ϕ0, 0). From the position of the pth
microphone, the apparent source position is given by �sp =
�s0 − �u p = (sp cos ϕp, sp sin ϕp, 0), such that the apparent
source azimuth is ϕp and the relative source distance from
that microphone is sp.

For later use, we further define a nondimensional geo-
metrical parameter γ = r/(�/2). Here we refer to the region
with γ > 1 as the exterior region and that with γ < 1 as the
interior region (see Fig. 1).

2.2 Spectral Distortion: Comb-Filtering
For a plane-wave source (i.e., s0 → ∞), the path-length

difference from the source to each microphone is �sin |ϕ0|,
and the corresponding time-of-arrival delay is (�/c)sin |ϕ0|,
where c is the speed of sound. For a listener at the origin,
the interpolation weights are given by w1 = w2 = 0.5. Thus,
the weighted-average impulse response for the zeroth-order
(i.e., omnidirectional) ambisonics signal6 is given by

a0(t) = 0.5δ(t) + 0.5δ

(
t − �

c
sin |ϕ0|

)
, (3)

6 Note that the subscript of an refers to the ambisonics channel
number (ACN), as described in Appendix A.

Fig. 2. Comb-filter magnitude responses caused by the weighted
average method for various source azimuths. The bottom axis
shows the nondimensional frequency k� while the top axis
shows frequency in kHz assuming a microphone spacing of � =
0.5 m. For legibility, each frequency response is offset by 50 dB
and notch depths have been artificially truncated to not exceed
−45 dB.

where δ(t) is the Dirac delta function, and the corresponding
frequency response is given by

A0(k) = 0.5 + 0.5e−ik� sin|ϕ0|, (4)

where k = 2πf/c is the angular wavenumber for frequency
f. As this frequency response depends only on |ϕ0| and the
nondimensional frequency k�, we plot, in Fig. 2, magnitude
responses of A0 for several source azimuths. Note that due to
the lateral symmetry of the geometry, these responses hold
for negative azimuths (ϕ′

0 = −ϕ0), and due to the front-
back symmetry, they also hold for rear azimuths (ϕ′

0 =
180◦ ± ϕ0).

From this plot, we see that only sources at 0◦ (or 180◦) az-
imuth are interpolated without comb-filtering. For all other
azimuths, comb-filtering is introduced due to the time-of-
arrival delay between microphones. Note that for a point
source (i.e., s0 < ∞), the structure of the induced spectral
distortions are very similar to those shown in Fig. 2 (cf.
Tylka and Choueiri [12, Fig. 4(a)]). The primary differ-
ences are 1) that the notches are shallower due to an inexact
cancellation of the summed signals and 2) that the positions
of the notches are rescaled based on the new time delays.

2.3 Localization: Precedence-Effect Errors
For a plane-wave source, the localization information

received by each microphone will be identical, so localiza-
tion of the interpolated signal is likely unchanged. However,
for a finite-distance source, the apparent source direction
will differ between the perspectives of each microphone.
In such cases, interpolation between the microphones
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Fig. 3. Diagram of virtual sources (light gray filled circles) ef-
fectively created by the weighted average method for a pair of
microphones (empty circles) in a sound field with a single source
(black filled circle).

Fig. 4. Predicted localization errors eν incurred by the weighted
average method for various combinations of microphone spacing
� and normalized source distance γ = s0/(�/2). The plotted errors
have been averaged over the entire navigable region (as defined
in Sec. 2.1) and all source azimuths (ϕ0 ∈ [0, 90◦] in increments
of 5◦). Contour lines are drawn every 5◦.

effectively leads to the creation of distinct virtual sources,
as illustrated in Fig. 3.

To explore the potential localization errors created
by these virtual sources, we employ the precedence-
effect–based localization model of Stitt et al. [37]. This
model takes as inputs the source positions (in this case, �s1

and �s2) and signal amplitudes (the interpolation weights w1

and w2 from Eq. (1)) and computes a predicted localization
vector, �ν. Here, we let the free parameter, α, as defined by
Stitt et al., take a value of α = 0.6, which is somewhat typ-
ical for a stimulus signal consisting of both transient and
stationary components [37]. We then compute, using the
real source position (�s0) and the desired listener position
(�r0), a localization error, eν, given by

eν = cos−1
(
ν̂ · ŝ0

′) , (5)

where ŝ0
′ is the direction of the source relative to the listener,

found by normalizing the vector �s0
′ = �s0 − �r0, and ‖ · ‖

denotes the �2 norm (Euclidean distance) of a vector.

In Fig. 4, we plot these predicted localization errors,
averaged over the entire navigable region (as defined in
Sec. 2.1) and all source azimuths, for various combinations
of source distance s0 and microphone spacing �. Note that
we exclude from this contour plot the region in which s0 +
�/2 < 0.1 m (i.e., the bottom left corner of Fig. 4), as this
corresponds to geometries for which the source is “inside
the head” (for an approximate head radius of 10 cm) at all
positions within the navigable region.

From this plot, we first note that localization errors ap-
pear primarily dependent on γ but tend to increase with
increasing �. We also see that, at large microphone spac-
ings (� > 0.5 m), localization errors for “slightly” interior
sources (0.5 < γ < 1) become extreme (eν > 50◦). Local-
ization errors for distant exterior sources (γ > 2), however,
are uniformly small (eν < 10◦). Although not shown here,
it can be verified that these localization errors tend to de-
crease with increasing α ∈ [0, 1], as α = 1 corresponds
to purely energy-based localization, with no effect from
time-of-arrival delays [37]. Consequently, as α → 1, the
dependence of eν on � disappears.

3 PROPOSED NAVIGATION METHOD

In this section, we describe our proposed parametric
method for virtual navigation of ambisonics sound fields.
Compared to the originally presented version (cf. Tylka
and Choueiri [12, Sec. 3]), the method described below has
been revised to mitigate spectral coloration (see Sec. 3.3,
in particular), but the two are otherwise conceptually and
mathematically very similar. Nevertheless, we review the
entire method for completeness.

3.1 Source Localization and Microphone Validity
As discussed previously, the ambisonics signals provide

a valid description of the captured sound field only in a
spherical region around the HOA microphone that extends
up to the nearest source or obstacle. Consequently, in order
to determine the set of microphones for which the listening
position is valid, we must first locate any near-field sources.
Several existing methods for acoustically localizing near-
field sources using ambisonics signals from one or more
HOA microphones are discussed by Zheng [31, Ch. 3] and
require only knowledge of the positions and orientations of
the microphones.

Briefly, such methods often involve taking a short-time
Fourier transform of the first-order ambisonics signals and,
for each time-frequency bin, calculating the acoustic in-
tensity vector, as given in Merimaa and Pulkki [33, Eq.
(11)]. For each HOA microphone, a histogram is gener-
ated using the direction of the intensity vector at each time
and frequency. The peaks of the histogram indicate source
directions, and source positions are determined through tri-
angulation with multiple HOA microphones.

Once the locations of the near-field sources are
determined, we compare the distances from each mi-
crophone to its nearest source and the distance of that
microphone to the desired listening position. Only the
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Fig. 5. Flowchart of the proposed method for virtual sound field navigation excluding invalid microphones.

signals from those microphones that are nearer to the lis-
tening position than to any near-field source are included in
the navigation calculation (i.e., all microphones such that
rp = ‖�r0 − �u p‖ < ‖�s0 − �u p‖ = sp). A matrix of interpo-
lation filters, described in the following sections, is then
computed for and applied to the signals from the remaining
“valid” microphones. This procedure is illustrated by the
flowchart in Fig. 5.

In this work, we assume that any near-field sound sources
can be located accurately and we choose to focus on char-
acterizing the performance of the proposed navigational
method under that assumption. Accordingly, we do not con-
cern ourselves with the sensitivity of the proposed method

to inaccuracies in the estimated positions of near-field
sources. This assumption will be valid in scenarios where
the positions of the nearest sound sources are either known
a priori or can be accurately obtained (e.g., through physi-
cal distance measurements) a posteriori. In other practical
applications, however, the validity of this assumption may
need to be established experimentally.

3.2 Regularized Least-Squares Interpolation
Filters

To compute the interpolation filters, we first pose inter-
polation as an inverse problem, in which we consider the
ambisonics signals at the listening position and, using the

Fig. 6. Magnitude responses caused by the regularized least-squares and hybrid interpolation filters for various source azimuths. The
bottom axis shows frequency in kHz while the top axis shows the nondimensional frequency k� for a microphone spacing of � =
0.5 m. For legibility, each frequency response is offset by 50 dB and the responses have been artificially truncated (where needed) to not
exceed −45 dB.
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translation coefficient matrices, T(k; �r ), given by Eq. (27)
in Appendix B, we write a system of equations simultane-
ously describing the ambisonics signals at all P-valid HOA
microphones (cf. Samarasinghe et al. [15, Sec. III.A], who
perform a similar derivation for a 2D sound field). That is,
for each frequency, we write

M · x = y, (6)

where, omitting frequency dependencies,

M(�r0) =

⎡
⎢⎢⎢⎣

√
w1T(−�r1)√
w2T(−�r2)

...√
wP T(−�rP )

⎤
⎥⎥⎥⎦ , y =

⎡
⎢⎢⎢⎣

√
w1b1√
w2b2
...√

wP bP

⎤
⎥⎥⎥⎦ , (7)

where wp is the interpolation weight for the pth microphone
and �rp is the vector from the pth microphone to the listening
position, given by �rp = �r0 − �u p. Again, the interpolation
weights may be computed using standard linear or bilinear
schemes (see Sec. 2.1 for explicit expressions in the case
of a linear configuration of P = 2 microphones), and their
inclusion ensures that the signals from the microphones
nearest to the desired listening position are weighted most
heavily during the interpolation. Ideally, as Lin → ∞, we
should find x → a (the exact ambisonics signals of the
sound field at �r0). In practice, each microphone captures
only Nin ambisonics signals, so each bp is a column vector
of length Nin and y is a column vector of length P · Nin.

In order to ensure that the system in Eq. (6) is not un-
derdetermined, we define the maximum order for x, given
by

Lmax =
⌊√

P · Nin

⌋
− 1, (8)

where 
 · � denotes rounding down to the nearest integer.
Therefore, x is a column vector of length Nmax = (Lmax +
1)2 and each matrix T in Eq. (7) will have dimensions Nin

× Nmax (rows × columns). Note that by this definition, we
will always have Lmax � Lin irrespective of the number of
microphones.

Next, we compute the singular value decomposition of
M, such that M = U�V∗, where (·)* represents conjugate-
transposition. This allows us to compute a regularized pseu-
doinverse of M, given by [38, Sec. 5.1]

L = V��+U∗, (9)

where (·)+ represents pseudoinversion (recall that by defi-
nition, � is diagonal), and � is a square, diagonal matrix
whose elements are given by

�nn = σ2
n

σ2
n + β

, (10)

where σn is the nth singular value of M, with n ∈ [1, Nmax]. In
general, the regularization parameter β may be a function of
frequency. Here, we choose the magnitude of a high-shelf
filter as the regularization function, given by [39, Sec. 5.2]

β(k) = β0

∣∣∣∣∣
Gπi k

k0
+ 1

i k
k0

+ Gπ

∣∣∣∣∣ , (11)

where Gπ is the amplitude of the high-shelf filter and k0

is its zero-dB crossing, which, for convenience, we take to
be the same as that given below in Eq. (16). This choice
of regularization function helps to prevent excessive high-
frequency amplification in the resulting filter matrix, L,
due to the inversion of the translation coefficient matrices,
which can become very small at high frequencies. (In our
original publication, we had chosen k0 = 1/� for simplicity
[12, Eq. (17)], but we did not consider cases where P �= 2.)
We then let

β0 = 1

σ0
max

n
σn, (12)

with some constant σ0 � 1. Note that the singular values
(σn) of M are calculated for each frequency, so, in general,
β0 is also frequency-dependent. Here, we choose Gπ =
101.5 (i.e., 30 dB) and σ0 = 1,000.

Finally, we obtain an estimate of a, given by

ã = L · y. (13)

Note that, as with the weighted average method, we may
choose to drop the higher-order terms in ã such that we
keep only up to order Lout, where Lout � Lmax.

Also note that we can factor out the interpolation weights
into a diagonal matrix, such that

ã =

⎛
⎜⎜⎜⎜⎝L ·

⎡
⎢⎢⎢⎢⎣

√
w1 I 0 · · · 0

0
√

w2 I
. . .

...
...

. . .
. . . 0

0 · · · 0
√

wP I

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠ ·

⎡
⎢⎢⎢⎣

b1

b2
...

bP

⎤
⎥⎥⎥⎦ ,

(14)

where 0 is an Nin × Nin matrix of zeros, and I is the Nin ×
Nin identity matrix. For compactness, we let

Lw = L ·

⎡
⎢⎢⎢⎢⎣

√
w1 I 0 · · · 0

0
√

w2 I
. . .

...
...

. . .
. . . 0

0 · · · 0
√

wP I

⎤
⎥⎥⎥⎥⎦ . (15)

3.3 Two-Band Interpolation Filters
As found in a previous analysis [12, Fig. 4(b)], the regu-

larized least-squares interpolation filters derived in the pre-
vious section can induce significant spectral distortions at
high frequencies, whereas, below some critical frequency,
they induce negligible distortions. Consequently, we pro-
pose a two-band approach which applies the regularized
least-squares interpolation filters at low frequencies (k <

k0) and employs the weighted average method at higher
frequencies (k � k0). Here, we let

k0 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1

r1
, for P = 1,

�

r1r2
, for P = 2,

1

maxp∈[1,P] rp
, otherwise,

(16)
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which we found empirically to perform well in terms of
spectral distortions.

We then rewrite the weighted average calculation, given
in Eq. (1), as a matrix equation, such that

ã = [
w1I w2I · · · wP I

] ·

⎡
⎢⎢⎢⎣

b1

b2
...

bP

⎤
⎥⎥⎥⎦ , (17)

where now I is the Nout × Nin identity matrix. Thus, we
define the combined interpolation filter matrix as

H =
{

Lw, for k < k0,[
w1I w2I · · · wP I

]
, for k ≥ k0.

(18)

Note that if we have only P = 1 valid microphone, the
high-frequency filter matrix becomes the identity matrix
(since w1 = 1 after normalization).

Given the well-established rule of thumb that a sound
field is accurately represented up to a distance r provided
that kr � Lin [2], we expect that for P = 1, the spectral dis-
tortions should be negligible below kr1 ≈ Lin. Additionally,
for P = 2 microphones, we previously found that spec-
tral distortions appeared negligible below k� ≈ 2Lin for a
listener equidistant from the microphones [12, cf. Fig. 5].
However, these approximations were found to break down
due to the near-field compensation filters needed in practice
(described in Sec. 4.3). Consequently, here we take a more
conservative critical frequency, as in Eq. (16).7

3.4 Source Azimuth Dependence
To examine the effective frequency responses induced

by translation via the regularized least-squares and hybrid
interpolation filters, we simulate a representative far-field
scenario in which we let Lin = 4, pick � = 0.5 m and
s0 = 2.5 m (so γ = 10), vary ϕ0 ∈ [0, 90◦], and interpolate
to �r0 = (0, 0, 0). For each source azimuth, we compute the
induced frequency response, i.e., the ratio of the zeroth-
order interpolated ambisonics signal, A0(k), to the zeroth-
order reference ambisonics signal, B0(k), that would have
been measured at �r0.

The induced frequency responses are plotted in Fig. 6.
For the regularized least-squares interpolation filters (see
Fig. 6(a)), we see that the frequency response is largely
flat below a critical frequency (cf. Tylka and Choueiri [12,
Fig. 4(b)]), whereas above that frequency, the response
exhibits significant broadband deviations (e.g., for ϕ0 =
75◦, 90◦) as well as sporadic notches. For the hybrid filters
(see Fig. 6(b)), we see a comb-filtering frequency response
above the critical frequency, k0, given in Eq. (16). Below
this frequency, however, the hybrid filter responses exhibit
a wide, flat region, rather than the continued comb-filtering

7 Note that in this work we do not explore the case of P > 2,
so a superior critical frequency likely exists. It may also still be
worth pursuing order-dependent critical frequencies for P = 1, 2,
since, in principle, increasing the expansion order should improve
accuracy, but we do not do so here.

response exhibited by the weighted average method (as
shown in Fig. 2).

3.5 Practical Implementation
In practice, as the listener traverses the navigable re-

gion, the number of valid microphones may change. Con-
sequently, one should crossfade between audio frames to
prevent any audible discontinuities caused by a sudden
change in the filters. Additionally, it is likely preferable
to implement a “crossover” between the low and high-
frequency ranges of the combined filter matrix, thereby
blending the two filter matrices. Here, however, we take a
simple frequency-domain concatenation approach, as indi-
cated in Eq. (18).

4 NUMERICAL SIMULATIONS

Here we again consider the linear array geometry de-
scribed in Sec. 2.1 and illustrated in Fig. 1. We simulate
recording of this sound field for a range of microphone
spacings, � ∈ [0.1, 10] m, and all source positions s0 =
γ�/2 for γ ∈ [0.1, 10]. In each simulation, we vary the
source azimuth from ϕ0 = 0◦ to 90◦ in increments of 5◦ and
generate an artificial HOA impulse response at each mi-
crophone. We then estimate, using both the proposed and
weighted average methods, the microphone’s impulse re-
sponses at intermediate listener positions from y0 = −�/2
to �/2, taken in 20 equal increments. We ultimately com-
pute, for each method, metrics quantifying the spectral col-
oration (described in Sec. 4.1) and predicted localization
error (described in Sec. 4.2) incurred through navigation.

In all simulations, unless stated otherwise, we choose
Lin = 4 and Lout = 1. Linear interpolation weights (explicit
expressions for which are given in Sec. 2.1) are attributed
to each microphone for each intermediate position. The
sampling rate is 48 kHz, and all impulse responses are
calculated with 16,384 samples (≈341 ms).

4.1 Coloration Metric
To quantify induced spectral distortions, we first compute

the auditory band spectral error (ABSE), adapted from
Schärer and Lindau [40, Eq. (9)] and given by

η( fc) = 10 log10

(∫ |�( f ; fc)|| Ã0( f )|2d f∫ |�( f ; fc)||A0( f )|2d f

)
, (19)

where A0 and Ã0 are the zeroth-order terms of the exact
and estimated (respectively) HOA transfer functions, inte-
gration is taken over all frequencies, and �(f; fc) is a gam-
matone filter8 with center frequency fc for c ∈ [1, Nb], for
a set of ERB-spaced (equivalent rectangular bandwidth)
center frequencies [42] spanning the range f ∈ [50 Hz,

8 In this work, we used the gammatone filters implemented in
the large time-frequency analysis toolbox (LTFAT) for MATLAB
[41].
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21 kHz], as recommended by Boren et al. [43]. We further
define the spectral error, given by

ρη = max
c

η( fc) − min
c

η( fc), (20)

which we found in a previous study to be a strong predictor
of the perceived coloration induced through navigation [20].

4.2 Localization Model
Localization is predicted using a recently developed

precedence-effect–based localization model, the details of
which are provided in an earlier publication [20, Sec. 2.A.i].
This model extends the precedence-effect–based energy
vector model of Stitt et al. [37] in order to compute a pre-
dicted perceived source localization vector, �ν, from an am-
bisonics impulse response. In contrast, the original model
of Stitt et al. only considered loudspeaker gains and po-
sitions relative to the listener. We have previously shown
our extended model to outperform, in terms of agreement
with subjective listening test results, the binaural localiza-
tion model of Dietz et al. [44]. Furthermore, an advantage
of our model over a binaural localization model is that we
do not need to first render to binaural, a process which
will likely introduce errors that depend on the choice of
renderer and head-related transfer function. Consequently,
we expect this model to give a reasonable prediction of
perceived localization. However, it is worth noting that the
performance of the model was optimized for speech signals
over a limited range of source positions [20, Sec. 4.A].

Briefly, this model entails decomposing the ambisonics
impulse response into a finite set of plane-wave impulse
responses, which are further divided into wavelets with
distinct arrival times. This information (signal amplitude,
plane-wave direction, and time of arrival) for all wavelets
is fed into the original energy vector model of Stitt et al. to
produce a predicted source localization vector. This oper-
ation is performed in ERB-spaced frequency bands, and a
weighted average localization direction is computed using
signal energies in each band as weights [20, Sec. 2.A.i].
The localization error eν is then computed using Eq. (5).

4.3 Point-Source Encoding
The ambisonics encoding filters for a point source are

given by Eq. (23) in Appendix A. To limit excessive low-
frequency amplification when encoding near-field point
sources into ambisonics, we apply, to each microphone and
at all ambisonics orders l ∈ [1, Lin], an order-dependent,
zero-phase, high-pass Butterworth filter. The frequency re-
sponse of this filter is given by

Hl ( f ) = 1 − 1√
1 +

(
f
fl

)l
, (21)

where fl is the corner frequency of the lth filter, which we
choose to be fl = (200 × l) Hz.

Note that the frequency at which this near-field amplifi-
cation occurs increases as the distance between the source
and microphone decreases, and the magnitude of the am-
plification increases with increasing order l [45, Sec. 2.1].

However, the compensation filters given in Eq. (21) are in-
dependent of source position, which will lead to excessive
low-frequency amplification (due to insufficient compensa-
tion) at small source distances and excessive low-frequency
attenuation at large source distances. This approach, while
inexact, is representative of practical reality since, in gen-
eral, the source position(s) may be unknown. Indeed, the
Eigenmike by mh acoustics uses fixed-frequency compen-
sation filters [46, Sec. 4.3].

5 RESULTS AND DISCUSSION

Spectral errors for each method are shown in Fig. 7.
From these plots, we see that, at large spacings (� > 0.5
m) with an interior source (γ < 1), the proposed method
achieves significantly (∼4 dB) smaller spectral errors than
the weighted average method. This is primarily due to the
exclusion of the invalid microphone from the navigation
calculation, which prevents any comb-filtering in the pro-
posed method.

Additionally, at small microphone spacings (� < 0.5 m)
with an exterior source (γ > 1), the proposed method
achieves slightly (∼1 dB) smaller spectral errors than the
weighted average method. This is due to the widening (as �

decreases) of the frequency range over which the regular-
ized least-squares interpolation filters achieve a nearly flat
frequency response (see Fig. 6(a)). As specified in Eq. (16),
for P = 2 microphones, the crossover frequency increases
with decreasing �, since r1r2∝�2. At large microphone
spacings (� > 0.5 m) with an exterior source (γ > 1), the
proposed and weighted average methods perform compa-
rably.

Localization errors for each method are shown in Fig. 8.
From these plots, we see that, at large spacings (� > 0.5
m) with an interior source (γ < 1), the proposed method
achieves significantly (i.e., at least 10◦) smaller localization
errors than the weighted average method. This too is pri-
marily due to the exclusion of the invalid microphone from
the navigation calculation, which prevents any corruption
of the localization information by the invalid microphone.

From Fig. 8(b), we see that, compared to the weighted
average method (see Fig. 8(a)), the proposed method incurs
larger localization errors (eν > 20◦) for � < 0.5 m and
γ < 1 (bottom left corner of the plot). This penalty may
not be too limiting, however, as these values of � and γ

correspond to sources very near to the origin (s0 < 0.25 m),
and in any case, microphone spacings of less than 0.5 m
may be impractical.

5.1 Effect of Input Order
To further explore the performance of these methods, we

plot, in Fig. 9, spectral and localization errors for a source
distance of s0 = 1 m and for input ambisonics orders Lin =
1, 2, . . ., 6. Since Lout = 1 in all cases, the weighted average
method is only plotted for Lin = Lout = 1.

From these figures, we immediately see that the errors
incurred by the proposed method are virtually identical at
all orders. This result is somewhat surprising, as one might
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Fig. 7. Spectral errors ρη for microphone spacing � and normalized source distance γ. Contour lines are drawn every 1 dB.

Fig. 8. Predicted localization errors eν for microphone spacing � and normalized source distance γ. Contour lines are drawn every 5◦.

Fig. 9. Spectral errors ρη (a) and predicted localization errors eν (b) for various microphone spacings � with a fixed source distance
s0 = 1 m. Errors are plotted for the weighted average method (solid curves) and the proposed method (dashed curves). For the proposed
method only, six input ambisonics orders are shown: Lin = 1 (black) to Lin = 6 (lightest gray).
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expect higher-order recordings to produce a more accurate
interpolated sound field. Evidently, however, the input am-
bisonics order does not significantly affect the performance
of the proposed method. This insensitivity to input order is
largely due to the order-independent choice of critical fre-
quency, k0, as given in Eq. (16). Potentially, this critical fre-
quency could be optimized to yield improved accuracy as
input order increases, at least over a range of array spacings
or source positions. This is a topic for further development.

In Fig. 9(a), we see that, for microphone spacings 0.4
� � � 1.5 m, increasing the input order yields increased
spectral errors. This behavior can be attributed to the mis-
match between the near-field compensation filters (given in
Eq. (21)) and the actual low-frequency amplification caused
by the near-field effect, as the magnitude of this mismatch
increases with order (cf. Daniel [45, Fig. 6]). However, at
smaller microphone spacings (� < 0.3 m), the opposite
effect is observed: increasing the order yields a slight im-
provement in spectral errors. This is due to the higher-order
terms yielding a more accurate estimate of the sound field
at the listening position, although this effect is evidently
very minor.

In terms of localization, we see that, for � < 1 m, the per-
formance of the proposed method is already nearly optimal
with Lin = 1. This implies that the regularized least-squares
interpolation filters do not improve the performance of the
proposed method by this metric beyond that achieved by
the weighted average method; evidently, the dominant ef-
fect of these filters is to decrease spectral errors. For � >

1 m, on the other hand, the performance of the proposed
method is improved significantly compared to the weighted
average method. This demonstrates that any improvement
seen by the proposed method in terms of localization must
be primarily due to the exclusion of invalid microphones
from the interpolation calculation.

Overall, the results shown in Fig. 9 reaffirm our previous
finding that the proposed method tends to outperform the
weighted average method for interior sources (�/2 > s0 =
1 m) since, for both metrics, the proposed method outper-
forms the weighted average method at all spacings � �
1 m.

6 EXPERIMENTAL VALIDATION

In order to validate the simulations described in Sec. 4,
we replicate a subset of the simulations through acoustical
measurements taken in a 3.6 × 2.35 × 2.55-m (length ×
width × height) anechoic chamber with 8-inch deep (equal
to 1/4 wavelength at ∼425 Hz) anechoic foam wedges.
We consider three source positions: �sA = (0.35, 0, 0) m,
�sB = (0.35, 0.35, 0) m, and �sC = (0.35, 0.7, 0) m. For each
source, we measure, up to order Lin = 4, ambisonics impulse
responses for all microphone positions �u = (0, uy, 0) with
uy = [ − 0.5, 0.5] m in increments of 0.05 m. Here, we use
Genelec 8010A [47] loudspeakers for the sources, and the
HOA impulse responses are recorded using the Eigenmike
by mh Acoustics [48], which comprises an array of 32 cap-
sules flush-mounted on a 4.2-cm–radius rigid sphere. These
microphone and source positions are illustrated in Fig. 10.

Fig. 10. Diagram of microphone positions (empty circles) and
source positions (filled circles).

The ambisonics impulse responses are then equalized by
the frequency response of the same source measured by an
omnidirectional reference microphone at the same position,
thereby compensating for the directivity of the source.

For each microphone spacing � ∈ [0.1, 1] m (taken in
increments of 0.1 m) and each source position, we estimate,
using both the weighted average and proposed navigation
methods, the ambisonics impulse response each intermedi-
ate microphone position. In all cases and at each intermedi-
ate position, we compute the “measured” ABSE and local-
ization vector, η′(fc) and �ν′, respectively. To better match
the measurements, which were taken using the Eigenmike,
we modify the near-field compensation filters given by
Eq. (21) to use the following corner frequencies: f2 = 400
Hz, f3 = 1 kHz, and f4 = 1.8 kHz (no filters are applied for
orders l = 0, 1), as specified in the EigenUnits user manual
[46, Sec. 4.3].

6.1 Results
Given the simulated and measured ABSE spectra, we

first compute the discrepancy, dη(fc) = |η(fc) − η′(fc)|, for
each navigation method, source position, microphone spac-
ing, and intermediate microphone position (a total of 1 +
(�/0.05) distinct positions for each microphone spacing).
We then average, in a single operation, these discrepancies
over every combination of microphone spacing and strictly
interior (i.e., |uy| < �/2) intermediate microphone position
(note that this is only (�/0.05) − 1 positions per spacing).

In Fig. 11, we plot, as a function of frequency, these
average discrepancies in ABSE between the simulations
and measurements for each navigation method and source
position. From this plot, we see that the simulations con-
sistently match, within ∼1 dB, the physical measurements
over a frequency range of approximately 150 Hz to 10 kHz.
The sharp increase in discrepancy at high frequencies can
be explained by spatial aliasing, a well-known effect which
we do not currently account for in our simulations (see
Rafaely [49], for example) but which could potentially be
incorporated in the future with a simple model based on
the geometrical arrangement of capsules on the spherical
microphone array used in the measurements. The gradual
increase in discrepancy at low frequencies, however, is ex-
plained by a combination of 1) mismatches between the
near-field compensation filters, 2) nonanechoic conditions
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Fig. 11. Average discrepancies in auditory band spectral error
(ABSE) spectra between simulations and measurements. Discrep-
ancies are plotted for both the weighted average method (denoted
by filled symbols) and the proposed method (empty symbols),
as well as for each source: A (�), B (�), and C (©). For each
source and method combination, a thin black line connects the
data points, while a thick black line indicates the average over all
six curves.

below ∼425 Hz, and 3) low-frequency ambient noise in the
measurements.

In Fig. 12(a), we plot, now as a function of microphone
spacing, the average discrepancies in ABSE, where two
averages are taken: first over all frequencies fc ∈ [0, 10]
kHz and subsequently over all strictly interior intermedi-
ate microphone positions. From this plot, we see that the
discrepancy between simulation and measurement is con-
sistently smaller than 1 dB, with a very slight and gradual
increase with increasing microphone spacing.

Given the simulated and measured localization direc-
tions, we next compute the discrepancy, dν = cos−1

(
ν̂ · ν̂′),

for each navigation method, source position, microphone
spacing, and intermediate microphone position. In Fig.
12(b), we plot, as a function of microphone spacing, av-
erages of these discrepancies over all strictly interior in-
termediate microphone positions. From this plot, we see
that the discrepancy between simulation and measurement
is consistently smaller than 5◦, with an average value of
approximately 3.5◦, and does not vary significantly with
microphone spacing.

Taken together, Figs. 11–12(b) further suggest that the
discrepancies between simulations and measurements do
not depend significantly on navigational method or source
position.

7 SUMMARY AND CONCLUSIONS

In this work, we proposed and characterized an
interpolation-based method for virtual navigation, wherein
the subset of microphones to be used is parametrically de-
termined to ensure that the region of validity restriction
(defined in Sec. 0) is not violated. An existing alternative
method, in which navigation is performed by computing
a weighted average of the higher-order ambisonics (HOA)
signals from each microphone, was shown in Sec. 2 to incur

spectral distortions due to comb-filtering and localization
errors due to the precedence effect. The proposed method,
described in Sec. 3, employs knowledge of the locations of
any near-field sources in order to determine which HOA
microphones are valid for use in the navigation calculation
as a function of the desired listening position. Additionally,
at low frequencies, the proposed method applies a matrix
of regularized least-squares inverse filters to estimate the
ambisonics signals at the listening position, while at high
frequencies, the weighted average method is employed.

As described in Sec. 4, we compared, through numerical
simulations of simple incident sound fields, the proposed
method to the weighted average method. These two meth-
ods were evaluated for a linear array geometry (illustrated
in Fig. 1) in terms of induced spectral distortions (see Sec.
4.1) and predicted localization errors (see Sec. 4.2). Re-
sults show that, for interior sources, the proposed method
achieves a significant improvement (in terms of spectral
and localization accuracy) over the existing method. In
particular, the proposed method yields significantly im-
proved localization errors over the existing method for
large microphone spacings (larger than 0.5 m). These im-
provements primarily result from excluding the invalid
microphone, which would otherwise add spectral distor-
tions and corrupt the localization information in the repro-
duced signals. Additionally, for small microphone spacings
(smaller than 0.5 m) and exterior sources, the proposed
method achieves slightly smaller spectral errors than does
the existing method. This is due to the widening (as micro-
phone spacing decreases) of the frequency range over which
the regularized least-squares interpolation filters achieve a
nearly flat frequency response (see Fig. 6a).

Results also show that the performance of the proposed
method is largely independent of the input ambisonics or-
der (see Sec. 5.1). As this is primarily a consequence of our
order-independent choice of critical frequency for the hy-
brid interpolation filters (see Eq. (16)), future refinements
to the proposed method should explore the use of order-
dependent critical frequencies in an effort to better leverage
the additional information about the sound field contained
in the higher-order signals. Ideally, this information could
be used to further improve localization accuracy for interior
sources and/or mitigate the spectral distortions induced by
the proposed method for exterior sources.

Finally, in order to validate our numerical simulations, we
conducted a set of acoustical measurements, as described
in Sec. 6, taken over a subset of the simulated conditions.
Results of these measurements are in good agreement with
those of the simulations, indicating that our simulations are
indeed representative of reality. In particular, spectral er-
ror discrepancies are consistently smaller than 1 dB across
all frequencies within approximately 150 Hz to 10 kHz.
Additionally, localization direction discrepancies are con-
sistently within 5◦ (3.5◦ on average) across all microphone
spacings. A more comprehensive validation of our simu-
lation framework could consider alternative navigational
methods and span wider ranges of microphone spacings
and source positions. However, as expected, the present re-
sults suggest that the observed discrepancies (and therefore
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Fig. 12. Average discrepancies in ABSE over fc ∈ [0, 10] kHz (top panel) and in localization direction (bottom) for each microphone
spacing. See Fig. 11 for a description of the lines and symbols used.

the fidelity of the simulations) do not depend significantly
on the navigational method, microphone spacing, or source
position.

7.1 Future Work
As the present article is primarily a proof of concept

of the proposed navigational method to demonstrate its
fundamental aspects, future work should include a com-
plementary practical implementation of the method and
further experimental validation (e.g., through subjective lis-
tening tests) of the results presented here. Such a practical
demonstration might also explore the performance of the
method under more complicated and realistic conditions,
e.g., in sound fields consisting of multiple sources, mov-
ing sources, and/or diffuse sound. Additionally, future work
might extend the present investigations to consider 2D array
configurations, such as an equilateral triangle or a square
(cf. Mariette et al. [11] and Bates et al. [28], respectively).
It may also be insightful to characterize the performance
of these methods in terms of other perceptually relevant
attributes (e.g., perceived source width).
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A.1 RELEVANT AMBISONICS THEORY

Here, we use real-valued orthonormal (N3D) spheri-
cal harmonics as given by Zotter [51, Sec. 2.2], and we
adopt the ambisonics channel number (ACN) convention
[52] such that, for a spherical harmonic function of degree
l ∈ [0, ∞) and order m ∈ [ − l, l], the ACN index n is given
by n = l(l + 1) + m and the spherical harmonic function is
denoted by Yn.

In the free field (i.e., in a region free of sources and scat-
tering bodies), the acoustic potential field, ψ (defined as the
Fourier transform of the acoustic pressure field) satisfies the
homogeneous Helmholtz equation, and can therefore be ex-
pressed as an infinite sum of regular (i.e., not singular) basis
solutions. In ambisonics, these basis solutions are given by
jl(kr )Yn(r̂ ), where jl is the spherical Bessel function of or-
der l, and the sum, also known as a spherical Fourier–Bessel
series expansion, is given by [53, Ch. 2]

ψ(k, �r ) =
∞∑

n=0

4π(−i)l An(k) jl(kr )Yn(r̂ ), (A.22)

where An are the corresponding (frequency-dependent) ex-
pansion coefficients and we have, without loss of generality,
factored out ( − i)l to ensure conjugate-symmetry in each
An, making each ambisonics signal (i.e., the inverse Fourier
transform of An) real-valued for a real pressure field.

The ambisonics encoding filters for a point source located
at �s0 are given in the frequency domain by [1, Eq. (10)]

An(k) = i l+1khl(ks0)Yn(ŝ0), (A.23)

where hl is the (outgoing) spherical Hankel function of
order l.

B.1 AMBISONICS TRANSLATION

It can be shown that, given ambisonics signals (or, more
generally, any spherical Fourier–Bessel expansion coeffi-
cients), An, for an expansion about the origin, translated
ambisonics signals for an expansion about �r are given by
[53, Ch. 3]

Bn′(k; �r ) =
N−1∑
n=0

Tn′,n(k, �r )An(k), (B.24)

where Tn′,n are the so-called translation coefficients. In-
tegral forms of these translation coefficients as well as
fast recurrence relations for computing them are given by
Gumerov and Duraiswami [53, Sec. 3.2] and Zotter [51,
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Ch. 3], and were recently distilled and replicated by Tylka
and Choueiri [54]. Note that the translated expansion coef-
ficients Bn′ can be computed to an arbitrary order L′, with
N′ = (L′ + 1)2 terms. In matrix form, we can write

b(k) = T(k; �r ) · a(k), (B.25)

where, omitting dependencies,

b =

⎡
⎢⎢⎢⎣

B0

B1
...

BN ′−1

⎤
⎥⎥⎥⎦ , a =

⎡
⎢⎢⎢⎣

A0

A1
...

AN−1

⎤
⎥⎥⎥⎦ , (B.26)

and

T =

⎡
⎢⎢⎢⎣

T0,0 T0,1 · · · T0,N−1

T1,0 T1,1 · · · T1,N−1
...

...
. . .

...
TN ′−1,0 TN ′−1,1 · · · TN ′−1,N−1

⎤
⎥⎥⎥⎦ . (B.27)
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