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ABSTRACT

Blind estimation of the direction of arrival (DOA) of early room reflections, without a priori knowledge of the
room impulse response or of the source signal, may be beneficial in many applications. Recently, a method denoted
PHALCOR (PHase ALigned CORrelation) was developed for DOA estimation of early reflections, which displayed
superior performance compared to previous methods. However, PHALCOR was developed and evaluated only
for spherical microphone arrays with a frequency-independent steering matrix, with input signals in the spherical
harmonics domain. This paper extends the formulation of PHALCOR by introducing a focusing process that
removes the frequency dependence of the steering matrix, and provides performance analysis of the estimation
of the recorded signal from a spherical array, operating in the microphone signals domain, compared to the
performance of PHALCOR, operating on signals in the spherical harmonics domain.

1 Introduction

Many signal processing tasks, such as speech enhance-
ment and dereverberation [1], [2], source separation
[3], optimal beamforming [4] and room geometry in-
ference [5] may benefit from information about the
directions of arrival (DOAs) and delays of room reflec-
tions. In particular, early reflections play a key role in
sound perception by improving speech intelligibility
and the sense of listener envelopment, as well as the
ability to assess source width, loudness and distance
[6], [7]. Thus, methods that exploit early reflections
may advance spatial audio signal processing [8], [9].

DOA estimation methods are categorized as blind and
non-blind methods. Non-blind methods assume a pri-
ori knowledge regarding the signal, such as the room
impulse response or a clean anechoic recording of the
sound source. Blind estimation methods operate di-
rectly on microphone signals, which is the more real-
istic case in practical audio signal processing applica-
tions. The approach which is adopted in this work is
blind estimation.

One technique employed to blindly estimate the DOAs
of the early reflections is spatial filtering (beamform-
ing). This method can also separate reflection signals
from the direct sound, which enables delay estima-
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tion using cross-correlation analysis [5]. However,
beamformers may have inadequate spatial resolution
in practical scenarios where the spatial density of early
reflections may be high [10]. Higher resolution can
be achieved using subspace methods, such as MUSIC
or ESPRIT [11]-[14], but these assume uncorrelated
sources, which is clearly inappropriate for early reflec-
tions that are delayed copies of the direct sound, and
are thus highly correlated. The source signals could
be decorrelated using frequency smoothing, but this is
not possible when the reflections have similar delays.
Furthermore, these methods require that the number of
microphones is larger than the number of sources and
reflections, which is not the case for many practical
arrays. Another method is implemented by formulating
the problem as an under-determined linear system and
using sparse recovery [15]; however, this method can
only detect the first few reflections. Other methods are
based on modeling the sources signals as deterministic
unknowns, but these demand difficult non-linear op-
timization, and can have poor spatial resolution [11,
16]-[20].

PHALCOR [21] is a recently proposed method that
overcomes the limitations of the previous methods, by
exploiting the property that the reflections are delayed
copies of the direct sound. It formulates a transform
that can separate reflections over time and space, which
enables the detection of more reflections than could
previously have been detected. However, in its current
form, PHALCOR is only compatible with spherical
microphone arrays, with a formulation that assumes a
frequency-independent steering matrix. This limitation
means that it is not applicable for arbitrary arrays such
as wearable arrays.

This work make a first step toward the generalization of
PHALCOR, therefore enabling it to work with arbitrary
microphones arrays, by using frequency focusing [22]
to obtain a frequency-independent steering matrix. The
input to the proposed method is a steering matrix that
may depend on frequency; a focusing transformation
is applied, which converts the matrix into a frequency-
independent form within the focusing frequency range.

The paper is organized as follows. Section 2 present the
system model and the PHALCOR algorithm. Section 3
presents the proposed algorithm. Section 4 presents a
simulation study and Section 5 concludes.

2 Mathematical Background

2.1 Signal Model

The considered acoustic scene comprises a single
source and a microphone array with Q microphones in
a shoe box room. The direct sound signal in the fre-
quency domain is denoted as s( f ) (where f represents
the frequency index), with a DOA Ω0 relative to the
array. Assuming K early reflections, the k’th reflection
of the direct signal is modeled as a separate source
sk( f ) with a DOA Ωk. This reflection is assumed to be
a delayed and attenuated copy of the direct signal [23]:

sk( f ) = αke−i2π f τk s( f ) (1)

where τk is the delay relative to the direct signal, and
αk is an attenuating factor. The delay and attenuating
factor of the direct sound signal are normalized such
that τ0 = 0 and α0 = 1. The delays are sorted such that
τk−1 ≤ τk.

Let p( f ) := [p1( f ), p2( f ), . . . , pQ( f )]T denote the cap-
tured pressure signal at the array, leading to the array
equation:

p( f ) = H( f ,Ω)s( f )+n( f ) (2)

where:
s( f ) := [s0( f ), . . . ,sK( f )]T (3)

H( f ,Ω) := [h( f ,Ω0), . . . ,h( f ,ΩK)] (4)

n( f ) is the noise captured by the array, and h( f ,Ωk) is
the steering vector in a free field of the k’th reflection
and the array.

2.2 PHALCOR

In a spherical array H( f ,Ω) can be formulated as [24,
25]:

H( f ,Ω) = Y(Ωmic)B( f ,r)Y(Ω) (5)

where Y(Ωmic) is a Q× (N +1)2 spherical harmonics
matrix in the microphone angles, N is the spherical
harmonics order, and B( f ,r) is an (N +1)2× (N +1)2

diagonal matrix holding array radial functions [25].
Y(Ω) is an (N +1)2×K spherical harmonics matrix in
the DOA angles. Substituting Equation (5) into Equa-
tion (2) and using plane wave decomposition (PWD)
[24] leads to a frequency-independent steering matrix:

anm( f ) = Y(Ω)s( f )+n′( f ) (6)
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where anm( f )= [a00( f ),a1(−1)( f ),a10( f ), . . . ,aNN( f )]
is the (N + 1)2 × 1 PWD coefficients [24] and
Y(Ω) = [y(Ω0), . . . ,y(ΩK)] is the steering matrix,
which now is frequency-independent, with y(Ωk)
representing a steering vector in free field with a DOA
of Ωk. n′( f ) is now the noise term in anm( f ), and it
is modified relative to the original n( f ) in Equation
(2). The spatial correlation matrix (SCM) R( f ) is
calculated next:

R( f ) := E[anm( f )anm( f )H ] (7)

Substituting Equation (6) in Equation (7) leads to:

R( f ) = Y(Ω)M( f )Y(Ω)H +N′( f ) (8)

where M( f ) = E[s( f )s( f )H ] and N′( f ) =
E[n′( f )n′( f )H ]. The phase-aligned transform is
defined in PHALCOR in order to enhance an entry in
the SCM, formulated as:

R(τ, f ) :=
J f−1

∑
j=0

ω jR( f j)ei2πτ j∆ f (9)

where f j = f + j∆ f ,J f is an integer parameter, ∆ f is the
frequency resolution, such that J f ∆ f = Bw where Bw is
the bandwidth. ω0, . . . ,ωJ f−1 are non-negative weights
proportional to tr(R( f j)). The transform is a weighted
version of the inverse DFT. Therefore, as M(τ, f ) is
composed of delayed copies of the direct sound, its in-
verse DFT has the form of a Dirichlet kernel with peaks
in τ which corresponded to reflections [21]. Substitut-
ing Equation (8) in Equation (9), and using the steering
matrix, which is frequency-independent, allows the
phase aligned transform to be applied on M( f ) and
N′( f ):

R(τ, f ) = Y(Ω)M(τ, f )Y(Ω)H +N′(τ, f ) (10)

where M( f ) and N′( f ) are obtained by applying the
phase alignment transform from (9) on M( f ) and
N′( f ), respectively. Rewriting (10) by separating re-
flections leads to:

R(τ, f )=
K

∑
k=0

K

∑
k′=0

[M(τ, f )]k,k′y(Ωk)y(Ωk′)
H +N′(τ, f )

(11)
In PHALCOR it was shown that M(τ, f ) has a maxi-
mum when τ = τk−τk′ . With k′ representing the direct
sound, τk′ will be the time of arrival (normalized to be
0), and τk− τk′ represents the delay between the k’th

reflection and the direct sound signal. It is assumed that
for the delay τ = τk− τk′ the transformation enhances
a single entry. It is clear from Equation (11) that in this
case R(τ) is a rank 1 matrix. The 1-rank approxima-
tion of R(τ) is denoted by R1(τ) and is computed by
truncating its singular-value decomposition (SVD):

R1(τ) = στ uτ vH
τ (12)

where στ is the first singular value, and uτ and vτ

denote the left and right singular vectors, respectively.
The 1-rank approximation also performs denoising. If
there are a number of reflections with the same delay,
vτ will be approximately equal to y(Ω′k) (the direct
signal), and uτ will be a combination of some y(Ωk)
(the reflections).

A way to detect τ values with reflections is developed
by looking at ρ(τ) and Ω̂′(τ):

ρ(τ) = max
Ω′∈S2

∣∣y(Ω′)Hvτ

∣∣ (13)

Ω̂
′(τ) = arg max

Ω′∈S2

∣∣y(Ω′)Hvτ

∣∣ (14)

where S2 represents the unit sphere, y(Ω′) and vτ are
unit vectors, and, using the Cauchy-Schwartz inequal-
ity, ρ(τ)≤ 1. Ω̂′(τ) is an estimation of Ω0 (the direct
signal DOA). For each τ with ρ(τ) higher than a thresh-
old ρmin (set empirically), and Ω̂′(τ) close to Ω0 up to
a threshold Ωth (set empirically), the DOA is computed
using the orthogonal matching pursuit (OMP) algo-
rithm [26], which finds the smallest set of directions
Ω̂1, . . . ,Ω̂S and coefficients x1, . . . ,xS such that:

‖
S

∑
s=1

xsy(Ω̂s)−uτ‖2 ≤ εu (15)

where εu ∈ (0,1) is a threshold, and the norm is an
L2 norm. S is a parameter limited to be less than Smax,
which is a threshold that determines the maximum num-
ber of reflections to detect by the OMP method.

The final part of PHALCOR is clustering, with the
objective of eliminating noise effects and clustering
all delay and DOA estimates into dominant groups
representing reflections. The DBSCAN algorithm [27]
is the method which is used.
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3 FF-PHALCOR

In PHALCOR, representation of the SCM as in Equa-
tion (8) is possible because the steering matrix H( f ,Ω)
is frequency-independent. However, this is not the case
for an arbitrary array. As a consequence, the structure
in Equation (11), with its spatial - frequency separa-
tion, which is the basis of the algorithm, is no longer
available.

To overcome this limitation, in this paper, a focusing
matrix [22] is used to obtain frequency independence
of the steering matrix H( f ,Ω) in Equation (2). For
this, a focusing matrix, T( f , f0), is introduced, which
satisfies:

T( f , f0)H( f ,Ω) = H( f0,Ω) (16)

where f0 is chosen to be the center frequency of a se-
lected focusing frequency band. The center frequency
is chosen assuming that the variation in H( f ,Ω) be-
tween this frequency and other frequencies in the band
is small. In order to work well, the focusing process re-
quires a finite bandwidth, which limits the bandwidth,
Bw, defined in Equation (9). This issue will be dis-
cussed later. T( f , f0) can be obtained by multiplying
both sides of the equation with the pseudo-inverse of
H( f ,Ω):

T( f , f0) = H( f0,Ω)H†( f ,Ω) (17)

where (·)† is the pseudo-inverse operation. This compu-
tation minimizes the mean-square error (MSE) between
H( f ,Ω) and H( f0,Ω). The focusing error is defined
as:

e =
‖H( f0,Ω)−T( f , f0)H( f ,Ω)‖2

F

‖H( f0,Ω)‖2
F

(18)

where the norm is the Frobenius norm. Multiplying
Equation (2) by T( f , f0) leads to:

p̃( f ) = T( f , f0)H( f ,Ω)s( f )+T( f , f0)n( f ) (19)

where p̃( f ) = T( f , f0)p( f ), and substitution of Equa-
tion (16) into Equation (19) leads to:

p̃( f ) = H( f0,Ω)s( f )+T( f , f0)n( f ) (20)

Now, assuming an ideal focusing process, the steering
matrix is frequency-independent, and the SCM can be
calculated by:

R( f ) = E[p̃( f )p̃( f )H ] (21)

Substituting Equation (20) into Equation (21), and as-
suming that the signal and the noise are uncorrelated
leads to:

R( f ) = H( f0,Ω)M( f )H( f0,Ω)H + Ñ( f ) (22)

where M( f ) is defined similarly to Equation
(8), Ñ( f ) = T( f , f0)N( f )T( f , f0)

H , and N( f ) =
E[n( f )n( f )H ]. Using the phase-aligned transform as
in Equation (9) (for a selected bandwidth Bw), and the
rank 1 approximation by SVD as in Equation (12) leads
to:

ρ(τ) = max
Ω′∈S2

|h(Ω′, f0)
Hvτ)| (23)

Ω̂
′(τ) = arg max

Ω′∈S2
|h(Ω′, f0)

Hvτ)| (24)

The thresholds are defined similarly to in Equation (13)
and Equation (14), only now with h(Ω′, f0) instead of
y(Ω′), where h(Ω′, f0) are the columns of H( f0,Ω) as
defined in Equation (4). This change also applies to
Equation (15), which is replaced by:

‖
S

∑
s=1

xsh(Ω̂s)−uτ‖2 ≤ εu (25)

Here εu and S are defined as in Equation (15). Now,
clustering is applied using the DBSCAN algorithm as
in Section.II.

4 Simulation Study

In this section a simulation is presented, comparing
the performance of the proposed algorithm to that of
the original PHALCOR algorithm. The performance
was tested on simulated data using a spherical array.
However, it was performed over the signals recorded by
the microphones instead of the anm signals. Analysis
and insights will be provided in the next subsections.

4.1 Simulation Setup

The setup of the simulations includes a shoe-box room,
a speaker, and a rigid spherical microphone array with
32 microphones, and a radius of 4.2cm (like the Eigen-
mike [28]). The room impulse response was simulated
using the image method [23], and the speech signal is
a 2.5 seconds sample from the TSP Speech Database
[29] with 48kHz sampling frequency. The signals were
generated with N = 4 for the anm signals and N = 8 for
the recorded signal p. Two scenarios were tested - a
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Table 1: Dimensions, reflection coefficients and rever-
beration times of the two rooms employed in
the simulation study.

Room Dimensions [m] R T 60 [s]

Large 12×10×16 0.9 1.8
Medium 9×7.5×13.5 0.9 1.4

Table 2: [x,y,z] coordinates of Source and array posi-
tions in the two rooms employed in the simu-
lation study.

Room Source Array

Large [8,2.5,1.5] [3,3 1
3 ,3.5]

Medium [6,1.875,1.5] [2.25,2.5,3.5]

large room with the direct sound and 5 early reflections
with arrival time less than 20ms after the direct sound,
and a medium-sized room with the direct sound and 10
early reflections with arrival time less than 20ms after
the direct sound. Room details are presented in Table
1. Source and array positions are detailed in Table 2.

4.2 Methodology

An STFT was applied to the signal p recorded by the
microphones using a Hanning window of 8192 sam-
ples and an overlap of 75%. A frequency range of
[500,5000] Hz was chosen for the algorithms, with a
bandwidth of Bw = 2000 Hz, and J f = 8 creating an
overlap of 1748 Hz between bands. Jt , which is defined
in PHALCOR in order to create time bands, was set
to be Jt = 8. It provides time bands of 0.2625s and
overlap of 0.0375s, and 66 bands for 2.5s long signal.
Focusing is performed on the recorded signal, using
a steering matrix with 900 directions sampled by the
Fliege-Maier method [30] for nearly-uniform sampling.
Then the algorithm outlined in Section 3 was applied
using the parameters ρmin (as will be discussed later),
εu = 0.63, Ωth = 10◦, Smax = 3. The clustering pa-
rameters γΩ,γτ which are the weights in the clustering
algorithm of PHALCOR, were fine-tuned for each sce-
nario. For PHALCOR, the input signal was chosen to
be anm that was obtained by performing PWD on the
recorded microphone signals.

(a)

(b)

Fig. 1: Clustering of DOA and delay obtained by (a)
PHALCOR and (b) FF-PHALCOR in the large
room. τ [ms] is the delay, θ [deg] is the eleva-
tion and φ [deg] is the azimuth. The circles de-
note the true reflections from the ground-truth.

For both algorithms, a reflection is considered a true
positive if its delay and DOA simultaneously match the
delay and DOA of a true reflection up to a tolerance.
The ground-truth is obtained with the image method, as
mentioned above. The tolerances are set to be 500µs
and 15◦ for the delay and the DOA, respectively. The
Probability of Detection (PD) is defined as:

PD :=
# true positive detections

#re f lections in the ground truth
(26)

The False Alarm is defined as:

PFA :=
# f alse positive detections

#re f lections in the ground truth
(27)
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(a)

(b)

Fig. 2: Clustering of DOA and delay obtained by
(a) PHALCOR and (b) FF-PHALCOR in the
medium-sized room. τ [ms] is the delay, θ

[deg] is the elevation and φ [deg] is the azimuth.
The circles are the ground-truths.

4.3 Results and discussion

1. Figure 1 and Figure 2 present the clustering of
DOAs and delays for the two algorithms in the
large room and medium-sized room respectively.
As can be seen, in the large room both algorithms
successfully detected the direct sound and all 5 re-
flections, with PD = 1 and PFA = 0. However, in
the medium-sized room, the algorithm on p found
the direct signal and 6 reflections, with PD= 7/10
and with PFA = 0, while PHALCOR correctly
found the direct sound and 8 reflections.

2. Focusing error: the error was computed using

(a)

(b)

Fig. 3: ρ(τ) of (a) anm and (b) p in the medium-sized
room. The vertical lines are the reflections in
the ground-truth. The horizontal lines present
the threshold ρmin.

Equation (18). It was computed over the operating
frequency bands showing very low results. The
maximum error at the low frequencies is about
−70dB, and at the high frequencies about−39dB.
The minimum error is in the center of the band
(the focused frequency). These results show that
the focusing worked well for these examples.

3. ρ(τ) is computed as in Equation (23). A threshold
ρmin was defined such that every τ with ρ(τ) ≥
ρmin is consider a detection. In PHALCOR, ρmin
was set to be 0.9. For FF-PHALCOR, the thresh-
old ρmin was set to be 0.85, which was found to
be more suitable, as can be seen in Figure 3. This
graph shows the values of ρ(τ) in the frequency
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band of [1511.7, 3503.9] Hz. It can be seen that
ρ(τ) has fewer values over ρmin = 0.9, but more
over ρmin = 0.85.

5 Conclusions

This paper demonstrated that the proposed algorithm
detects all 5 reflections in the large room without false
alarms, while in a medium-sized room it managed to
detect most reflections but not all. This is a positive step
forward in extending PHALCOR to arbitrary arrays.
For future work, it is suggested that a more compre-
hensive investigation will be undertaken, with the aim
of providing further insights. Performance analysis for
arbitrary arrays is also proposed for future work.
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